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ABSTRACT. We consider the extent to which we can learn from a completely ran-
domized experiment whether all individuals have treatment effects that are weakly
of the same sign, a condition we call monotonicity. From a classical sampling per-
spective, it is well-known that monotonicity is not falsifiable. By contrast, we show
from the design-based perspective—in which the units in the population are fixed
and only treatment assignment is stochastic—that the distribution of treatment ef-
fects in the finite population (and hence whether monotonicity holds) is formally
identified. We argue, however, that the usual definition of identification is unnat-
ural in the design-based setting because it imagines knowing the distribution of
outcomes over different treatment assignments for the same units. We thus eval-
uate the informativeness of the data by the extent to which it enables frequentist
testing and Bayesian updating. We show that frequentist tests can have nontrivial
power against some alternatives, but power is generically limited. Likewise, we show
that there exist (non-degenerate) Bayesian priors that never update about whether
monotonicity holds. We conclude that, despite the formal identification result, the

ability to learn about monotonicity from data in practice is severely limited.
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1. Introduction

Let D be a randomly assigned binary treatment and Y a binary outcome. Re-
searchers are often interested in evaluating the monotonicity assumption that every-
one has a treatment effect weakly of the same sign.! For example, if D is a medical
intervention, we may be interested in whether some patients benefit from the treat-
ment while others are harmed, which would indicate that outcomes could potentially
be improved by better targeting. Likewise, if D is an instrumental variable and Y
a treatment with imperfect compliance (more frequently denoted Z and D, respec-
tively), then the monotonicity assumption is needed for two-stage least squares to
have a local-average-treatment-effect interpretation (Angrist and Imbens, 1994).

There are two distinct approaches to statistical uncertainty in causal inference
settings that lead to different formal definitions of monotonicity. The classical per-
spective views the n observed units as sampled from an infinite superpopulation.
Monotonicity then imposes that there are no individuals in the superpopulation with
opposite-signed treatment effects. Formally, we assume that the potential outcomes
are sampled from a distribution g5, (y:(1),%:(0)) ~ g5, where p = (pat, Pnt, Pa; pe) de-
notes the superpopulation shares of each “type”, where each type corresponds to one
of four possible values for (y(1),y(0))). Borrowing from the instrumental-variables
literature, we use at to denote an “always-taker” with y(0) = y(1) = 1, and likewise
use nt for never-takers (y(0) = y(1) = 0), d for defiers (y(1) = 0,y(0) = 1), and ¢ for
compliers (y(1) = 1,y(0) = 0). The classical definition of monotonicity is then that
min{p., pa} = 0.

By contrast, the design-based perspective views the n units and their potential
outcomes as fixed or conditioned upon, with statistical uncertainty arising only from
the stochastic assignment of treatment. The finite population is characterized by
0 = (0at, 004, 04,0.), where 6, is the count of how many of the n units are of type t.
The design-based monotonicity assumption is then that min{f.,0;} = 0. In sum,
the classical monotonicity assumption asks whether there are any units with opposite-
signed treatment effects in the superpopulation from which the sample is drawn, while
L Also known as monotone treatment response (Manski, 1997).
2This monotonicity assumption is distinct from the one-sided hypothesis that there are no defiers (or
equivalently, no negative treatment effects), which has the (generally testable) implication that the
average treatment effect is non-negative. Caughey, Dafoe, Li and Miratrix (2023) employ random-

ization inference to construct valid test of the null of no negative treatment effects in a design-based
model that also captures non-binary outcomes.



the design-based version asks whether there are any opposite-signed treatment effects
among the n units at hand.

It is well-known that the observable data are always compatible with the null that
monotonicity holds in the superpopulation. Suppose that we have a completely ran-
domized experiment in which n; of the n units are randomly assigned to treatment.
The researcher then observes (Yr,Yy) = (3, D;Y;, > ,(1 — D;)Y;), summarizing how
many units in each treatment group have Y; = 1. From the superpopulation per-
spective, we have that (Y7,Yy) ~ g, (where g, is is the push-forward of g; under
completely random assignment with probability n;/n). However, it is straightfor-
ward to show that p is not point-identified (see, e.g., Heckman, Smith and Clements,
1997). In particular, for any p; that violates monotonicity, there exists a py satisfying
monotonicity such that g, = g,,. Hence, from the superpopulation perspective, the
monotonicity assumption is not falsifiable.?

By contrast, we show that from the design-based perspective, the type counts 6
are in fact identified according to the usual technical definition of identification. Let
fo denote the distribution of the observable data (Yr, Yy ) over repeated assignments
of treatment for the fixed finite population. The mapping 6 — fy is one-to-one, so
0 is formally identified. At first blush, the typical definition of identification appears
to suggest that the data are informative about whether the design-based version of
monotonicity holds.

We argue, however, that the usual notion of identification is somewhat unnatural
in the design-based setting: identification asks what we could learn if we saw repeated
realizations of the outcomes under different treatment assignments for the same units.
In practice, however, we only observe one realized treatment assignment for each of
these units. It is therefore not clear whether identification in the usual sense implies
that we can meaningfully learn about whether monotonicity holds from the data
we actually observe. To evaluate the extent to which one can feasibly learn about
monotonicity given a single realization of the data in the design-based setting, we ask
two questions: First, to what extent can one construct frequentist tests of the null
of monotonicity? Second, to what extent do Bayesians update about the probability

that monotonicity holds?

3We note that monotonicity may be testable when combined with other assumptions. For example,
there are tests of the joint assumptions of instrument monotonicity, exclusion, and independence (e.g.
Kitagawa, 2015). In addition, monotonicity has testable implications for the marginal distributions
of treated and control observations when the outcome has more than two levels (Angrist and Imbens,
1995; see also Appendix 7.2 of Caughey et al., 2023 for an application in a design-based framework).
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From the frequentist perspective, we show that there exist tests of the design-
based monotonicity assumption with non-trivial power against some alternatives, but
we generally expect the power of these tests to be poor. In particular, we show
that any test of monotonicity will have trivial or near-trivial power against some
alternative: when n is even, any level-a test has power no larger than o against some
alternative; when n is odd, worst-case power is bounded above by a(1 + O(27")).
Moreover, we show that any test that has power against some alternative 6; will have
poor power at alternatives “close” to #;. We formalize this by deriving upper bounds
on the weighted average power (WAP) of tests in a neighborhood of 6;, where the
weights are proportional to the frequencies expected under sampling types from a
superpopulation (and thus concentrate around 6, in terms of relative frequencies,
when n is reasonably large). We show that regardless of sample size, the WAP of a
size-«v test is no greater than 2.51«; thus, for a 5% test, the WAP is never more than
12.6%. The bound can be even tighter given a particular n and a lower bound on the
number of defiers/compliers. For example, if n = 100 and compliers and defiers are
each at least 5% of the finite population, then WAP is never greater than 5.06%. We
also derive upper bounds on power for unbiased tests (i.e. those with power at least
« for all alternatives). This upper bound converges to « as n grows large, indicating
that with large n all unbiased tests have nearly trivial power.

Taken together, our results suggest that frequentist tests provide limited learning
about monotonicity. In particular, these tests can only be useful if we are interested
in testing one particular alternative and not nearby ones. For example, with n = 30
and n; = 15, the highest possible power of a 5% test against any alternative is 31%,
which is achieved by a test targeting the alternative with 18 defiers and 12 compliers.
However, this test never rejects when there are 17 defiers and 13 compliers. Our
theoretical results show the low power of this test against neighboring alternatives
is a generic feature of tests against monotonicity. We suspect that in most practical
settings, researchers will not be interested in ultra-specific alternatives, and thus such
frequentist tests will have relatively little use in practice.

From the Bayesian perspective, we show that there do exist Bayesians who update
about the probability that the design-based monotonicity assumption holds, but there
also exist Bayesians who never update. The existence of a Bayesian who updates
follows immediately from the fact that 6 is identified. Consider a Bayesian with a
two-point prior on 6y satisfying monotonicity and #; violating monotonicity. Since
fo, # fo,, the Bayesian updates about the probability that the null is true. However,
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we show that there exists a non-trivial prior 7 which never updates on the probability
that the null hypothesis holds, i.e. m(6 € ©g | (Yy,Yr)) = 7(6 € 6g) € (0,1) (7-
a.s.), where O, denotes the set of parameter values satisfying monotonicity.! Our
results thus suggest that the data may be informative to some audience members,
who are worried about particular violations of monotonicity, but there will not be
consensus: some audience member is always unmoved by the data on monotonicity.
The existence of a Bayesian who doesn’t update also implies that any classifier of

whether 6 € Oy does no better than random guessing at some parameter value.

Related literature. Previous work has derived the likelihood of the observed data
under the design-based data-generating process we consider, in which there is a com-
pletely randomized experiment with binary outcomes, and has shown that this can
be used for likelihood-based or Bayesian inference (Copas, 1973; Ding and Miratrix,
2019; Christy and Kowalski, 2025). Copas (1973) and Christy and Kowalski (2025)
explicitly note that the likelihood can depend on the number of defiers 6;. We add to
this literature an explicit analysis of identification, as well as results quantifying the
extent to which a frequentist can test for monotonicity or a Bayesian updates about
monotonicity.

More broadly, an extensive previous literature has considered the different implica-
tions of sampling-based versus model-based approaches to uncertainty for inference
(e.g. Li and Ding, 2017; Abadie, Athey, Imbens and Wooldridge, 2020). This pa-
per highlights that these different approaches can also have different implications for
tdentification. We argue, however, that the classical notion of identification may be
misleading in the design-based setting as a criterion for whether the data is informa-
tive about a parameter, and instead propose to evaluate the informativeness of the
data through the properties of frequentist tests and Bayesian updating. Although we
focus on testing monotonicity, these observations may prove useful in other design-
based settings as well. Kline and Masten (2025) also study a design-based setting
(although they do not consider monotonicity testing) and likewise find the textbook
definition of identification inadequate, although they opt for defining alternative no-
tions of identification rather than quantifying the scope for frequentist testing or
Bayesian updating.
4Speciﬁcally, we show such priors exist when n is even. When n is odd, we show that there exist

priors that minimally update, in the sense that the expected absolute difference between the prior
and posterior probabilities for § € ©¢ is O(27™); see Proposition A.1.



2. Setup

Consider a finite population of n individuals subjected to a completely randomized
experiment with n; treated units, where 0 < ny < n. That is:
(1) Each individual ¢ has potential outcomes (y;(1),:(0)) € {0, 1}>.
(2) We observe (Y;, D), where Y; = y;(D;) and D; € {0,1}.
(3) Fixing the finite population, randomness solely arises from the assignment of
(D1, ...,D,), where

P(Di=di,...,Dp=dp,Yi=u1,.... Y, = yp)

71 n
n
(711) (;Zl ny;y; = yi(d;) for a z)

We refer to those with y;(1) > y;(0) as compliers, y;(1) = 1 = y;(0) as always-takers,
yi(1) < v:(0) as defiers, and y;(1) = 0 = 3;(0) as never-takers. We refer to these
as the type of a unit. We observe the number of treated units with ¥; = 1 and the

number of untreated units with Y; = 1:°

The counts Y depend on the potential outcomes only through the corresponding

counts of types in the finite population,
0 € © := {(nat, Nnt, nayne) € (NU{OD* : nge 4+ npe + ng + ne =n} .
In particular,

Yr = (# treated always takers) + (# treated compliers)
Y = (# untreated always takers) + (# untreated defiers).

In a completely randomized experiment, given 6 = (ngq, Nng, Mg, Ne), the number of
treated units of each type is distributed according to a multivariate hypergeometric
distribution with parameters 6 and ny. Let fy(yr, yu) denote the induced probability
mass function for (Y7, Yy ) under 6.

Sometimes, we think of the finite population as being drawn from an infinite super-
population. To that end, let P = {(pat, Put, Pa> Pe) € [0, 1)* 2 pat + Pt + pa + pe = 1}
®We note that if the researcher observes individual data, then any procedure & that is anony-
mous—i.e., that is invariant to permutations of the unmits, so that 6((Y1,D1),...,(Yn,Dn)) =
(Y1), Do), -+ s (Yo(n)s Do(ny)) for all permutations o : [n] — [n]—is simply a function of the
counts (Y7, Yy). It thus suffices to restrict attention to (Yr, Yy ) for anonymous procedures.
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be the simplex. For an element p € P, let the corresponding distribution of (Y7, Yy)
when unit types are drawn i.i.d. from Multinomial(n, p) be
n! T, uz n 7,
9p(yr, yv) = > fe(yﬂyU)—wpa?tpn?tpddpcc-

Nt Mt
0= (nat sNnt ,77/(17716)69 at nt €

Let ©9 = {(nat, nnt, na, ne) € © : min(ng,n.) = 0} be the set of type counts that
satisfy monotonicity. Let ©; = © \ Oy be the complement. Similarly, let Py =
{p € P : min(py, p.) =0} and P; =P \ Py.

Remark 1 (Practical relevance of each null). Whether we prefer to test the super-
population null that p € Py or the design-based null that 6, € Oy will depend on
the application. If the n units are patients in a drug trial drawn randomly from a
much larger population of patients with the same condition, then we are likely more
interested in whether there are heterogeneous responses to the drug in the super-
population of patients, and thus p € Py is more relevant than 6§ € ©¢. On the other
hand, if the n units are the 50 states, it may be unnatural to imagine the states as
sampled from an infinite superpopulation, rendering conceptual issues for the null
p € Py. By contrast, testing 6 € ©( answers the natural question as to whether any
of the 50 states have opposite-signed treatment effects. See Copas (1973), Reichardt
and Gollob (1999), and Rambachan and Roth (2025), among others, for additional
discussion of the relevance of design-based vs. superpopulation-based estimands in
general. For our setting specifically, Gelman and Mikhaeil (2025) argues that cases in
which decision loss depends on counterfactual outcomes should be analyzed through

a framework in which potential outcomes are stochastic.

3. Identification

The typical textbook definition of identification states that a parameter is (point-)identified
if two distinct values of the parameter induce different distributions of the observed
data.® It is well-known that, from the superpopulation perspective, the population
shares p are not point-identified (Heckman et al., 1997). In particular, any type pro-
portion that violates monotonicity induces data that can be rationalized by some
other type proportion that obeys monotonicity. By contrast, as summarized in the
following result, the type counts 6 are in fact identified, and thus monotonicity vio-

lations are likewise distinguishable from fy.

SFor example, the Wikipedia page on identifiability states that a statistical model Py is “identifiable
if the mapping # — Py is one-to-one.” Lehmann and Casella (1998, Definition 5.2) equivalently
define 0 to be unidentifiable if there exist 6; # 0, such that Py, = Fp,.
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Proposition 3.1. If 6, # 0y € O, then fy, # fy,, and hence the finite-population
type counts 0 are identified. On the other hand, given any p; € P;, there exists a
po € Py such that g,, = gp,.

Example 1 (Illustrative example). Consider a population with 2 units, one of whom
is assigned to treatment. If there is 1 always-taker and 1 never-taker (6 = (1,1,0,0)),
then (Y7, Yy) is either equal to (1,0) or (0, 1), depending on whether the always-taker
is assigned to treatment or control. By contrast, if there is 1 defier and 1 complier
(0 =(0,0,1,1)), then (Y7, Yy) is either equal to (1,1) or (0,0), depending on whether
the complier is assigned to treatment or control. Thus, the distribution of the observed
data differs between a population with 1 always-taker and 1 never-taker and a popula-
tion with 1 complier and 1 defier, despite E[(Y7, Yi/)] being the same. By contrast, a
superpopulation with half always-takers and half never-takers and a superpopulation
with half compliers and half defiers would each generate the same observable data
distribution for (Y7, Yy), assigning equal probability to (0,0), (0,1),(1,0), (1, 1).

As a criterion for whether the observed data is informative of the parameter, how-
ever, the above definition of identification falls short from the design-based perspec-
tive. Two values of § are distinguishable in the sense that repeated draws of (Y7, Yy)
from fy would have different distributions under these two values. This, however, cor-
responds to knowing the distribution of outcomes from re-assigning the same units to
different treatment assignments. However, in the finite population, we only observe
(Yr,Yy) once, and thus cannot use information only learned from repeated draws.
For example, knowing fy implies that we know Cov(Yr, Yy), yet this is difficult to
learn from observing a single realization of fj.

In the following sections, we consider two perspectives of evaluating whether a single
realization of (Y7, Yy ) is useful for learning about monotonicity violations. From the
frequentist perspective, we consider whether one can construct tests that have non-
trivial power against the null of monotonicity. From the Bayesian perspective, we
consider the extent to which a Bayesian updates their prior that monotonicity holds

after seeing the data.

Remark 2. The discussion in previous papers sometimes suggests that # is not iden-

tified. For example, Ding and Miratrix (2019) write that “Without monotonicity, the

unknown parameters in the Science Table, (N11, N1, No1, Noo) [€ in our notation|, are

no longer identifiable from the observed data.” Likewise, Rosenbaum (2001) writes,

“The model of a nonnegative effect cannot be verified or refuted by inspecting the
8



responses of individuals, because rp; and r¢; |y;(1) and y;(0) in our notation| are
never jointly observed on the same person.” Proposition 3.1 shows that according to
the usual technical definition of identification, @ is in fact identified. The underlying
intuition—that violations of monotonicity are hard to detect—is consistent with our

power and updating results in the following sections, however.

4. Frequentist testing

We first consider the possibility of frequentist testing against monotonicity. First,

we show there exist frequentist tests with power against some alternatives.

Proposition 4.1. (Frequentist tests exist) Suppose ng,n; > 2. Then there ex-
ist tests for monotonicity that control size and have power against some alterna-
tives. That is, for any o € (0,1) there exists a test ¢ : supp(Y) — [0, 1] such that
SUPg,co, Lo, [0(Y)] < o and Ey,[6(Y)] > « for some 6, € ©,.7

Intuition for tests. Observe that in Example 1, the support of Y was {(0, 1), (1,0)}
when there was 1 always-taker and 1 never-taker, but was {(0,0), (1,1)} when there
was 1 complier and 1 defier. This illustrates that the support of Y may be different
when monotonicity holds versus when it is violated. This general idea is the basis of
the construction of tests for monotonicity in the proof to Proposition 4.1. We show
that when n > 4, there always exists an alternative 6; such that the support of Y
under #; does not contain the support of Y under 6, for any 6, satisfying the null:
ie. Sy 2 S for any 6y € ©g, where S} is the support of Y under 6.° It follows that
a test that rejects if and only if YV € S;i has power of 1 to reject 61, but only has size
o = Supg,co, Fo,[1{Y € Sy, }] < 1. We can then construct a non-trivial randomized
test with arbitrary size a < « by rejecting with probability a/ag > @ when Y € S;/l.
Although non-trivial tests against monotonicity exist from the design-based per-
spective, we expect their power to be poor in practice. Our next result shows that any
test of monotonicity has near-trivial power against some alternatives. Specifically, we
show that if n is even, there always exists an alternative for which power is no better
than size (). For n odd, we show there exists an alternative such that power is
bounded above by a(1 + O(27")).? This implies that there are no consistent tests of
"The proof shows that there is a non-randomized test satisfying the conditions of the proposition
for « sufficiently large.
8Note that this is not the case in Example 1, because the support of Y when there are two always-
takers is (1,1) € Sy = {(0,0),(1,1)}. There are thus no non-trivial tests of monotonicity with
gslurp;?sing}}.f, there is a test for n = 13,n; = 6 whose minimum power over O, is ever-so-slightly

larger than . For a = 0.05, such a test achieves power at least 0.05 + 2 x 10~7 over all of ©;.
9



monotonicity (that is, tests for which power converges to 1 for all alternatives along

a sequence of finite-populations with n — 00).

Proposition 4.2. (Near-trivial power for some alternative) Suppose that § : supp(Y) —
[0,1] is a level-a test, ie. supgce, Lo, [0(Y)] < a for some a € (0,1). If n is
even, then ¢ has trivial power against some alternative: there exists 6; € O such
that Ey [0(Y)] < a. If n is odd, then there exists §; € ©; such that Ep [6(Y)] <
« (1 + Zn_—1171)

We can further show that the lack of power is generic in the following sense: if we
construct a test to have power against some alternative 6, then there are alternatives
“near” 6; such that power is low. More precisely, around any 6;, we can define a
weighting function that mimics sampling from a population with type frequencies
p = 01/n. When n is reasonably large, these weights are “concentrated” around 6;
in terms of type frequencies. Weighted average power (WAP) under this weighting

function turns out to never be larger than 2.51«, uniformly over alternatives ;.

Proposition 4.3. (Low WAP) Assume n > 4. Fix any 0; € ©; and let v =
L min(6; ., 01,4) > 1/n be the size of the monotonicity violation. Let ) ~ Multinomial(n, 6; /n).
Consider the weight function w,(+;0,) over ©; defined by the probability mass func-
tion of ¥ | (¥ € ©y). Fix a test §(-) such that supg,ce, £g,[0(Y)] < a. Then, the
weighted average power around 6, is bounded,
1

«

1—2(1— )"+ (1 —20)"

WAP(5;601) := > By [6(Y)Jwa(61;61) <
61€01

< 251a. (1)

Proposition 4.3 implies, for example, that a 5% test never has weighted average
power larger than 12.6%. The bound given in Proposition 4.3 becomes even tighter
if one imposes a lower bound on the fraction of the finite population that are com-
pliers/defiers. For example, in a population of 100, if min(6,,6,) > 5, then the upper
bound becomes 5.06%, which is virtually the same as size, uniformly over all such
alternatives.

Interestingly, while we typically expect statistical power to increase with n, Propo-
sition 4.3 implies a tighter upper bound on WAP the larger is n (holding fixed the
share of compliers and defiers). Intuitively, having a larger finite population is more
similar to having an infinite superpopulation, in which case there is no testable con-

tent of monotonicity.'"

1OSimilalrly, the bound on WAP gets tighter when the violation v of the null hypothesis is larger.
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Numerical illustration with n = 30. To illustrate these results, Figure 1 computes
the most powerful 5%-level test for every possible alternative § € ©4, obtained via
linear programming, for n = 30 and ny; = 15. Perhaps surprisingly, all 4495 alterna-
tives are testable, in the sense that for each alternative, there exists a test targeted
to that alternative with power more than 0.05. However, the power for these tests for
the targeted alternative tends to be modest: among these tests engineered to maxi-
mize power at a given alternative, only 53 of 4495 alternatives have tests with power
above 0.15, and all of them have power below 0.31. These tests also tend to have very
poor power for nearby alternatives, as suggested by Proposition 4.3: Only 18 have
weighted average power above the nominal threshold 0.05, and the maximum WAP
is a measly 0.0567. As a specific example, the optimal test against 18 defiers and 12
compliers achieves the maximal power of 0.31, but this test rejects with probability

zero when there are 17 defiers and 13 compliers.

FIGURE 1. Power of the most powerful test for a given alternative
0 € ©; forn =30, n; =15

1
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Notes. We construct the most powerful 5%-test for a given alternative #, which
we obtain via linear programming: maXssupp(v)-[0,1) 2_, fo(¥)0(y) subjected to
>, fo(y)d(y) < 0.05 for all ¥ € Op. The blue patches show the distribution of
power at 6 for each test, across all 4495 values in ©;. For each test, we also compute
its weighted average power (1) and show its distribution in orange. O

Unbiased tests. We can obtain even sharper limits on power if we restrict attention
to unbiased tests. Recall that a test is unbiased if its power against all alternatives
is weakly greater than its size. Proposition 4.4 below shows that unbiased tests for
monotonicity do exist (at least when n; = ng). However, Proposition 4.5 implies that
as the sample size grows large, the power of any unbiased test against any alternative

becomes trivial.
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Proposition 4.4. (Unbiased tests exist) Suppose ny = ng > 2. Then there ex-
ists a non-trivial unbiased test of monotonicity: for any « € (0,1), there exists
6 : supp(Y) — [0,1] such that supy, e, Eo,[0(Y)] < a < infyeo, Ly, [6(Y)], with
Eyg [0(Y)] > « for at least one 0, € O;.

Proposition 4.5. (Unbiased tests have asymptotically trivial power) Fix e > 0 and
n > 4. Fix any 6 € Oy such that v = min(6,, 6;)/n > €. Let 0 be any unbiased level-«
test, i.e. a test satisfying supy cg, Fo,[0(Y)] < o < infy co, Fp,[6(Y)]. Then we have
that

E[6(Y)] < a1 + 7n(e))
for n,(€) = 3.125n'5(1 — €)™

In particular, Proposition 4.5 says that along any sequence of finite populations
with v, = min(é.,,,64,)/n > €, the power of any unbiased test is (1 4+ o(1))« as
n — 00.

The proof of Proposition 4.5 casts the problem of maximizing Ey[d(Y")] subject to
unbiasedness and size control as a linear program. The dual of this program—whereby
any feasible value implies an upper bound for the power of d—involves choosing certain
weights over the null and the alternative. The weights w,, defined in Proposition 4.3

turn out to enable a nontrivial upper bound of the primal value.

5. Bayesian updating

We next ask whether Bayesians update about whether § € ©y. The following
result shows that some Bayesians update, but there exist Bayesians who find the
data totally uninformative about whether monotonicity holds, in the sense that their
posterior on 6§ € O is equal to their prior almost surely.

Proposition 5.1. (Bayesian updating)

(1) Some Bayesians update: there exists a prior = with w(6 € ©g) € (0, 1) such
that m(60 € ©g | Y) # 7(0 € ©y) with positive w-probability.

(2) There exist (nontrivial) Bayesian priors over 6 that never update about the
probability that monotonicity holds: if n is even, then for any c¢ € (0, 1), there
exists a prior distribution 7 over 6 such that m(0 € Oy | Y) =7(0 € ©y) = ¢,
m-almost surely.

We note that the conclusion in part 1 that some Bayesian updates is rather weak.
In fact, even in the superpopulation setting, there is some Bayesian who updates:

consider, for example, the Bayesian who believes that there are defiers if and only if the
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average treatment effect is larger than 0.5; this Bayesian updates about the validity of
monotonicity based on the information in the data about the average treatment effect.
However, the updating in the design-based setting is slightly less trivial: a Bayesian
in fact updates about the relative probability of two type vectors 6y, 6; that imply the
same marginal distributions of y(0) and y(1) in the finite population, whereas this is
not true in the superpopulation setting.

Part 2 of Proposition 5.1 implies that some Bayesians do not find the data informa-
tive about whether monotonicity holds at all. Hence, the data will not be persuasive
to all audience members. This also suggests that Bayesian inference in this setting,
as considered in Ding and Miratrix (2019) and Christy and Kowalski (2025), for ex-
ample, will necessarily be sensitive to the choice of prior: for the class of priors in
the second part of Proposition 5.1, posterior statements about monotonicity simply
match the priors.

The existence of a prior that does not update also implies that any binary classifier
of whether # € ©y does no better than random guessing for some parameter values
. Specifically, given a € {0,1}, let £(a,0) = 1{a # 1{0 € ©y}} be an indicator
for whether a mis-classifies whether 6 € ©y (i.e. zero-one classification loss). Let
¢ :)Y — [0,1] be a possibly-randomized classifier that sets a = 1 with probability
c(Y), and let R(c,0) = Eylc(Y)0(1,0) + (1 — c(Y)€(0,0)] be its average classification
error at parameter 6 (risk under 0-1 loss).

Corollary 5.1. Suppose n is even. Then inf.)sup, R(c,§) = 0.5.
Note that a trivial classifier that guesses randomly (c¢(y) = 0.5, Vy) achieves a 0.5

mis-classification rate. Corollary 5.1 implies that every classifier does no better than
this at some parameter value 6 (when n is even). This follows from Part 2 of Propo-
sition 5.1: there exists a prior that never updates about whether 6 € 6, and hence
Bayes risk under this prior must be trivial. Christy and Kowalski (2025) consider
the maximum likelihood estimator § and say that it “provides evidence in favor of
monotonicity” if max{f,,f0;} = 0. Corollary 5.1 implies that this classification of
whether the data support monotonicity does no better than random guessing at some
parameter values.'’ Moreover, we cannot “fix” this undesirable property by choosing

a different classification rule.

Hry fact, in some cases, this classification rule does worse than random guessing. Consider Example 1
above with n = 2. Note that with 1 complier and 1 defier, the support of Y is {(0,0),(1,1)}, with
each support point occurring with probability 1/2. However, Y = (1,1) with probability 1 if there
are 2 always-takers, and Y = (0,0) with probability 1 if there are two never-takers. Thus, the MLE
never corresponds to having 1 complier and 1 defier, so worst-case misclassification error is 1.
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Part 2 of Proposition 5.1 and Corollary 5.1 focused on the case where n is even.
In the appendix, we show that when n is odd, there exist non-degenerate priors
that minimally update in the sense that the expected change between the prior and

posterior is small: Proposition A.1 shows that there exists a prior such that
EY~TryH7T(9 € @0 | Y) — 7'('(9 € @O)H = O(27n),

where my is the distribution of Y induced by prior w. This implies Corollary A.1,
which states that when n is odd, a classifier of whether 6 € ©, has worst-case mis-

classification error at least 0.5 — O(27").

6. Conclusion

We study what a completely randomized experiment can reveal about finite-population
monotonicity. We show that from the design-based perspective, the type counts 6 in
the finite population are in fact identified. However, the extent to which we can
feasibly learn about violations of monotonicity is severely limited: frequentist tests
generically have poor power, and some Bayesians never update about whether the
null is true. Thus, formal identification translates to little, if any, practical learning
about monotonicity. These results highlight that conclusions about identification may
differ depending on whether one adopts a sampling-based versus design-based per-
spective, and that studying the properties of frequentist tests and Bayesian updating
may provide a more realistic assessment of the extent to which learning is possible in
design-based settings. An interesting avenue for future research is to explore whether

similar issues arise in other design-based causal inference problems.
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Appendix A. Proofs

Proposition 3.1. If 6, # 0, € O, then fy, # fy,, and hence the finite-population
type counts 6 are identified. On the other hand, given any p; € P;, there exists a
po € Py such that g,, = gp,.

Proof. For the first claim, it suffices to construct a mapping from fj to 6. Fix ¢ = ny/n

as the treatment probability. Observe that, by linearity of expectation,

E@[(YTa YU)/] = (natq + neq, (1 - Q>nat + (1 - Q)nd)/'

Second, label underlying units ¢ = 1,...,n and collect always takers in N, C [n],
compliers in N, C [n], and defiers in Ny C [n]. Let Ny C [n] collect the (random) set
of treated individuals. Observe that
Ey[YrYy] = Z P(i € Ny, 7 ¢ Ny)  (Linearity of expectations)
Z’#j,’iENazUNc,jENatUNd
=H{(i,)) 1 i # 5,1 € Ny UN,j € Ny UNy} - P(1 € Ny, 2 ¢ Ny)
(Symmetry)
= [(nat + nc)(nat + nd) — nat] P(l € Nl, 2 € Nl)

Thus, for r = P(1 € N1, 2 ¢ Ny) = %,

Eo[YrYy]
r)

is a functional of fy. Letting (ur, pu, prv) := (Eo[Yr], Eo[Yyl, Eo[YrYy]), we see that

(Nat + ne) (Mot + Ng) — N =

ﬂ = Ngt + Ne, Hu = Ngt + Ng, Mﬂ — ILL_T Hu — Nat-
l—gq T q 1—q
It follows that
_ Mr pu Hru _ Hr _ Hu
Ngg=—77—7" — —, Ne = — — Nggy, ng = — Ngt-
q 1—q r q l—gq

Since (pr, 1y, pry ) is a function of fp, we have therefore shown that there is an inverse
mapping from fy to 6, and hence the mapping 6 — fy must be one-to-one, as needed.
For the second claim, observe that the superpopulation data-generating process
can be represented as:
(1) Fix index i = 1,...,n. The first ny units are treated.
(2) For each unit 7, sample her type from Multinomial(1, p).
(3) The counts Y are then functions of type counts in the first n; units and the

next n — n; units.
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We can check that under this process, § ~ Multinomial(n,p) and Y | 8 ~ f,. But
under this process, we have that Y ~ Bin(ny, pe +p.) and Yy ~ Bin(n—nq, pas + pa),
and Y7 1L Yy. We thus see that the unconditional distribution of Y depends on p
only through the sums py; + p. and py + pg. (Copas (1973, p. 472-3) likewise shows
that the likelihood depends only on these sums.) For any given p € Py, observe that
p’ defined by

Doy = Pat+min(pe, pa) Pl = Pe—Mmin(pe, pa) Py = Pa—MmiIN(Pe, Pa)  Phy = P+ min(pe, pa)

generates observationally equivalent (Yr,Yy). However, min(pl,p);) = 0 and thus
p/ S Po. ]

Proposition 4.1. (Frequentist tests exist) Suppose ng,ny > 2. Then there ex-
ist tests for monotonicity that control size and have power against some alterna-
tives. That is, for any a € (0,1) there exists a test § : supp(Y) — [0, 1] such that
SUPg,co, Lo, [0(Y)] < o and Ey, [6(Y)] > « for some 6, € ©;."

Proof. Suppose, without loss of generality, that n; < ng (if not, we can adopt the
same argument reversing the roles of ny and n.). Let 6; be the type with ng = n; —1,
n. = n — ng, and nyg = n,: = 0. Note that n. = n —ny +1 > 2. Observe that the
support of Y under 6, is

Sp={(m,na— (n1 —m)) : m=1,...,min{ny, n.}},

with (m,ng — (ny —m)) corresponding to the realization of Y when m compliers are

assigned to treatment. Observe that the points in S(}Z lie on an upward sloping line

with slope of 1. That is, for any y = (y1,v0) and ¥’ = (¥}, y;) both in 5(3/17 we have

that y — ¢y’ = ¢ (1,1).

Now, for any 0y € O, let Sg; denote the support of Y under #,. We claim that

Sg, € Sy, for all 6, € O.

Case 1 Suppose that 6y corresponds to there only being one type in the population.
Then S is a singleton set with element either (0,0), (n1,0), (0,n9) (n1,70)
depending on whether the lone type is nt, ¢, d or at. It is clear that (0,0) & S;q
and (0,ng) & 5(3/1 since the first coordinate of points in ng is strictly positive
by construction. Next, note that the only possible element of ng with first

element equal to ny is (n1,nq), corresponding to the case where m = n; =

2The proof shows that there is a non-randomized test satisfying the conditions of the proposition
for « sufficiently large.
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min{ny, n.}. However, by construction we have that 0 < ng = n; — 1 < ny,
and thus (ny,n4) # (n1,0) and (ny,ng) # (n1,no).

Case 2 Suppose 6y € Oy that has positive numbers of at least two types. Suppose
towards contradiction that S;; C Sg/l . Consider any support point (y1,yo)
in Sy . Note that (y1,50) = (O; Diwi(1), >;(1 — D;)y:(0)) for some choice
of D; and a population such that {(y;(1),v:(0))}", has the types with fre-
quencies given by fy. Since there are at least two types under 6y, there are
distinct indices j, k& such that D; = 1, D, = 0 and individuals j and k are
of different types, i.e. (y;(0),y;(1)) # (yx(0),yx(1)). Now consider the treat-
ment assignment D that swaps the treatment assignments of units j and
k and leaves the other assignments unchanged, i.e. Dj = 0,D, = 1, and
D; = D; for i & {j, k}. The realized outcome under treatment assignment
Dis (y5,9h) = (3, Dii(1), 34(1 — D)yi(0)), and thus (y},y5) € Sy € Sh.
However, we have that

(1, 90) — (1, 90) = (we(1) — y;(1),9;(0) — yx(0)).

Note that since (y;(0),v;(1)) # (yx(0), yx(1)), it follows that (v}, y()—(v1, v0) #
0. Then since (y1,yo), (¥5,¥,) € S;j, it must be the case that (v}, y)—(y1, %) =

¢+ (1,1) for an integer ¢ # 0. It follows that

Adding the two equations, we obtain that

(yr(1) — yx(0)) — (y;(1) — y;(0)) = 2¢ # 0.

Since the treatment effects (yx(1) — yx(0)) and (y;(1) — y;(0)) are each in
{—1,0, 1}, their difference can equal an even non-zero integer only if one is
equal to 1 and the other is equal to —1. However, this contradicts 0, satisfying
monotonicity. It follows that Sy & Sj, as we wished to show.

Now, let 6*(Y) = 1{Y € Sj'}. Since Sj ¢ Sy for all 6, € Oy, it follows that
Eg,[0*(Y)] < 1forall 6y € ©. Since O is finite, we thus obtain that supg,ce, Lo, [0*(Y)] <
1. However, by construction FEy [6*(Y)] = 1. Hence, 6*(Y) controls size at level
a* = supg,ce, £6,[0°(Y)] < 1 and has power of 1 against the alternative ;. If
a* < a, then the proof is complete by setting 6(Y) = 0*(Y) (and thus we have
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a non-randomized test). If o > «, set 6(Y) = 26*(Y). Then by construction
SUPg,co, Eé'o [5(Y>] =« and E91 [5(Y)] = % > Q. 0

Lemma A.1. Suppose n is even. Then there exist priors w4 and wg on 6 such
that m4(6 € ©y) = 1, (6 € 6©y) = 0, and 7a(Y = y) = 7Y = y) for all
yG{O,...,nl}x{O,...,no}.

Proof. Let 7, denote the multinomial prior on (14, 7unt, 14, Ne) With probabilities p =

(pabpntapdapc)- That iS,
(Mat, Nty My Ne) ~ T ~ Multinomial(n, p).

Define T4 = 7(0.5,05,00 and Tp = T(0,0,05,05). Lhe prior 74 arises from assuming
that the units in the finite population were sampled i.i.d. from a superpopulation in
which half of individuals are always-takers and the other half are never-takers. The
prior 7 arises analogously if the superpopulation is half compliers and half defiers.
As argued in the proof to Proposition 3.1, the marginal distribution of Y after (i)
sampling 6 ~ Multinomial(1, p) and (ii) generating Y ~ fy depends on p only through
Pat + Pe and py + pg. It follows that the two priors imply the same unconditional
distribution for Y, 74(Y =y) = (Y = y) for all y.

Now, consider type counts 0y(n4;) = (nar, n—n4, 0,0), which have positive numbers
of only always-takers and never-takers. Observe that the support of Y under 0y(n4)
is

S;;(nat) = {(m,ng —m) : m = max{0,ne — no}, ..., min{ny, net}, (2)
where (m,nq — m) is the realization of Y if m of the always-takers are selected for
treatment. Hence the support points for Y under 6y lie on a line with slope of —1
and intercept ny. Letting 59Y0 denote the support of Y under 6y, we see that the S(,YO

are disjoint for all 6y to which 74 assigns positive support:
St (nar) N S;;(nfn) = & for ng # niy.
Hence, for any set O of the form {fy(124:1), - - ., 00(nar.x)}, We have that
7~I'A(Y:y|9€é0):ﬁ'A(Y:y|YESéU),

for Séo = ereéo S;;
Similarly, let 6;(n.) = (0,0,n — n., n.), which has only compliers and defiers. The
support points of Y under 6; take the form

S;;(nc) ={(m,m+ng—n.) : m=max{0,n. —ne}t,...,min{ng, n.}}, (3)
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where (m,ng — (n. —m)) = (m, m + ng — n.) corresponds to the realized outcomes
when m compliers are selected for treatment. These points lie on an upward slop-
ing line with slope 1 and intercept ng — n.. Letting Sg/l denote the support of Y
under #;, we again see that the 5(3/1 are disjoint. Hence, for any set ©; of the form
{01(nc1),...,01(nex)}, we have that

(Y =y|0€6)=75(Y =y|Y € Sg,),

L . QY
for Sg, = Uy, co, Ss,-

Now, let
B0 = U {0o(nat)} C O0 (4)
0<nqt<n
ngt=n1+1 (mod 2)
and

©1= |J {bi(n)}con (5)

1<n.<n—1
ne odd

Lemma A.2 shows formally that

Se, = Sa,-
An intuitive illustration of the proof is shown in Figure 2 for the setting where n; =
ny = 2, in which case Sg, corresponds to the union of the points on the two upward-

sloping lines in orange, and Sg = corresponds the unions of the points on the two

downward-sloping lines in blue.

FIGURE 2. Illustration of the sets Sg and Sg, with ny =mng = 2

Yr

2 ° \r\.
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0 . % .

Sty
0 1 2 Yy

Define m4(0) == 74(0 | 6 € ©y) and 75(A) := 75(0 | 6 € O1). It is immediate that
ma(0 € ©9) =1 and (0 € ©1) = 1 by construction. Further, we have shown that

TAY =y)=7aY =y |Y €8Sg,) =Y =y|Y €85,) =Y =vy).
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This completes the proof.

Lemma A.2. Suppose n is even. Let Oy, ©; be as defined in (4)-(5). Define
C = {(a,b) €Z*: 0<a<n;, 0<b<mng, at+b=n;+1 (mod 2)} (6)

to be the set of points in {0,...,n1} x {0,...,n0} whose sum has the opposite parity
of n;. Then
Sg, = C = S,

Proof. First, observe that since n = ng + n; is even, we have that ng = ny; (mod 2).

Step 1: Sg, C C. If (a,b) € Sg, then (a,b) € S;;(nat) for some n, such that
Mg = ny + 1 (mod 2). It is immediate from the expression for Sy (nay) 1 (2) that
a+b=ng =n; +1 (mod 2). Moreover, by definition, S(};(nat) is the support of Y
under 0y(ny) and thus 0 < a < mn; and 0 < b < ngy. Thus, (a,b) € C.

Step 2: Sg, C C. If (a,b) € Sg,, then (a,b) € Sy, , for some odd n. such
that 1 < n, < n — 1. It is immediate from the expression for S;Z(nc) in (3) that

b—a=mnyg — n. and hence
a+b=b—a=ng—n, (mod?2),

where the first = uses the fact that 2a = 0 (mod 2). Using the facts that ny = ny
(mod 2) and n, is odd, we see that ng —n. = ng—1 = n; + 1 (mod 2). Further,
by construction S;Z (ne) 18 the support of Y under 0;(n.) and thus 0 < a < n; and
0 <b<mng. Thus, (a,b) € C.

Step 3: C C Sg . Take (a,b) € C and set ny = a + b and m = a. Then
Ngt =n1+ 1 (mod 2), and 0 < ng < ng +ng =n. We claim (a,b) € S;g(nat). Indeed,
b < ng implies ng —ng = a+b—ng < a, 0 m = a > max(0,n,—ng). Also a < ny and
C Se,-

a<a+b=ng,som=a<min(ny,ng). Thus (a,b) = (m,n,;—m) € S;;(nat)
Step 4: C C Sg, . Take (a,b) € C and set
m = a, Ne '=a+ ng —b.

First, 0 < n, < n because 0 < a <n; and 0 < b < ng and ng +n; = n. Second, n, is
odd:
ne=a+ng—b=(a—>b)+ny=(a+b)+ny (mod?2),
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where the last = uses the fact that 20 = 0 (mod 2). Further, since (a,b) € C,
a+b=n;+1 (mod 2), so

ne=m+1)+ng=n+1=1 (mod 2),

where we use the fact that n is even. Finally, we check that m = a lies in the
admissible range for Sj (n.)- Because ne —ng = a — b, we have max(0,n. — ng) =
max(0,a—b) < a=m. Alsom =a <n; and m = a < n,. (since n. = a+ng—b > a).
Therefore (a,b) = (m,m 4+ ng — n.) € S;Z(nc) C Sp,-

Combining Steps 1-4 proves Sg = C' = Sg,. U

Proposition 4.2. (Near-trivial power for some alternative) Suppose that ¢ : supp(Y) —
[0,1] is a level-a test, ie. supgce, Lo,[0(Y)] < a for some a € (0,1). If n is
even, then ¢ has trivial power against some alternative: there exists 61 € ©; such
that Ep, [0(Y)] < a. If n is odd, then there exists §; € ©; such that Ep [6(Y)] <

« (1 + 271_—1171)

Proof. Fix some n that is even. By Lemma A.1, there exist priors m4 and 7wg such
that m4(0 € ©g) =1, m5(0 € ©1) = 1, and m4(Y = y) = 7(Y = y) for all y. Observe
that
EGNWA[(S(Y)] = EONTFA[ EG[(S(Y)] ] < a,
——
< a since 0 € ©g

where the first equality uses the law of iterated expectations, and the second the
assumption that Fy[d(Y)] < a for all € ©,. However, since m4(Y = y) = mp(Y = y)

for all y, it follows that
Eprp[0(Y)] = Epury[0(Y)] <
and hence
Eorp [0(Y)] = Epnrp[Ep[0(Y)]] < .
It follows that there exists some 6, € supp(wg) C O, such that Ey[0(Y)] < a, which

gives the first desired result.

For the second result, fix some odd n and test § such that supyee, Eo[6(Y)] < a.
As in the proof to Lemma A.1, let 74 and 7z be the multinomial priors over # with
parameters p = (0.5,0.5,0,0) and p = (0,0,0.5,0.5), respectively. As argued in the
proof to Lemma A.1, 74(Y = y) = (Y = y) for all y. This implies that

Eop [Eo[0(YV)]] = Epora[Epl0(Y)]] < o, (7)
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where the inequality uses the fact that, by construction, 74(f € ©y) = 1 and that
d controls size. Next, observe that 75(0 € ©¢) = 75(0 € {(0,0,n,0),(0,0,0,n)} =

0.5""! =: €. By iterated expectations, we then have
By [Eol0(Y)]] = €Bors[Eol6(Y)] | 0 € Oo] + (1 — €) B [Eo[0(Y)] | 0 € O]

and hence

Epry[Eol6(Y)] | 0 € ©4] = ! = Bonip [E0(Y)]] ~

1 —

< & _ 1 B ] 1
e TP s e s Rl (s P

where the inequality uses (7) together with the fact that 6(Y) > 0. The result then
follows from the fact that infyce, Ep[d(Y)] < Epuzg[Eo[0(Y)] | 0 € ©4]. O

i ~Boiip [Eo[0(Y)] | 6 € O]

Proposition 4.3. (Low WAP) Assume n > 4. Fix any 0; € O and let v =
%min(@l,c, 1.4) > 1/n be the size of the monotonicity violation. Let ) ~ Multinomial(n, 6, /n).
Consider the weight function wy(-;6,) over ©; defined by the probability mass func-

tion of ¥ | (¥ € ©,). Fix a test 6(-) such that supg,ce, £o,[0(Y)] < a. Then, the
weighted average power around 6, is bounded,

1
= n ) — S . .
WAP(5;61) := Y B [6(Y)]w,(61;61) < TS o T (5] 2.51a. (1)

61€0,

Proof. Let m(t;6;) be the PMF for Multinomial(n, 6; /n). Then
7 (t;01)
Zte@l <t’ 91)
Let ¢ = 01/n and observe that g,(y) = >_,co L0, ft(y)7(t;01). By Proposition 3.1,
there exists some p € Py such that g,(y) = g¢,(y). We thus have the following

(t 81) ﬂ(t € @1)

expansion of WAP,

WAP6) = S Y 6w fily )—"E0) 6 cq)

tEOUO1 ¥y Zt€®1 W(t, 91)
-1
= <Z7T(t§ 91)) 25(9) [ Z fe(y)m(t; 1) — Z fi(y)m(t; 601)
teO Yy teO@oUO teO®g
1

— > B[] (t: 61)]
tEO

AR
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A
|

(0 controls size)
Note that

A 1—PV~Mu1tinomia1(n,q)(miﬂ(vc, Vd) = 0) = 1—[(1 - QC)n + (1 - Qd)n - (1 —qc — Qd)n] .
It is easy to check that Z; is increasing in g. and ¢4, thus it is lower bounded:
Z1>1-=2(1—=v)"+ (1 -20)",

where recall v = %min{@l,c, 014} = min{q., gs}. This proves the first inequality. The
second inequality follows from examining that v > 1/n and that
1
1-2(1-1/n)"+ (1 —2/n)

~ < 2.51 for all n > 3.

O

Proposition 4.4. (Unbiased tests exist) Suppose ny = ng > 2. Then there ex-
ists a non-trivial unbiased test of monotonicity: for any a € (0,1), there exists
6 : supp(Y) — [0,1] such that supy, e, Eo,[0(Y)] < a < infyeo, Ly, [6(Y)], with
Ey, [6(Y)] > « for at least one 0; € ©.

Proof. Let 6o(Y) = a - 1{(Yr,Yu) & {(n1,0),(0,n0)}} be the test that rejects with
probability 0 if Y is either (nq,0) or (0,n¢), and rejects with probability « otherwise.
Let S} be the support of Y under parameter §. Note that by construction, for any
0o = (Nat, Nnt, Na, ne) € O, we have that
E90 [50(Y)] < aif Sg; N {(nl, 0), (O, no)} 7é J,
Eg[60(Y)] = a if S N {(n1,0),(0,n0)} = .
Now, we claim that if (n; —1,1) € Sy for y € ©p, then

SY A {(n1,0), (0,m0)} # @.

To see this, suppose first that 6y has ny = 0. Then y;(1) > y;(0) for all i = 1,... n.
If there exists a treatment allocation D such that Y(D) = (n; — 1,1), then there
exists one ¢ for whom (Y;, D;) = (1,0). It follows that y;(0) = 1 and hence y;(1) =
1. Likewise, there must be one j for whom (Y;, D;) = (0,1), which implies that
Y;(1) = 0 and hence Y;(0) = 0. Letting D be the treatment allocation that swaps the
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assignments of ¢ and j and otherwise preserves the allocation of D, we see that
Y(D) =Y (D) +(1,-1) = (ny,0).

We have thus shown that (ny,0) € Sp .

Similarly, suppose that 6y has n. = 0. Then y;(1) < y;(0) for i = 1,...,n. If there
exists a treatment allocation D such that V(D) = (ny — 1,1), then there exists a
set A C [n] of size n; — 1 such that all i € A have (Y;, D;) = (1,1), which implies
that y;(1) = 1 and hence y;(0) = 1. Likewise, there exists a set B C [n] of size
no—1 = ny — 1 such that for all j € B, (Y, D;) = (0,0), which implies that Y;(0) =0
and hence Y;(1) = 0. Letting D be the treatment allocation that swaps the treatment
assignments of units in A and B, we see that

Y(D) =Y(D)+ (—(ny — 1),n — 1) = (0,n1) = (0, ny),
and hence (0,ng) € S;/O . This completes the proof that

S5 N{(11,0),(0.70)} # 2.
Now, let 61 (Y") = 1{(Yr, Yu) = (n1—1,1)} be the test that rejects if Y is (ny —1,1).
The argument above implies that for all 5 € ©g,
Epy[60(Y)] < avif Ep,[6:(Y)] > 0,
Epy[00(Y)] < aif Ey,[6:(Y)] = 0.
Since Oy is finite, it follows that there exists € > 0 such that, for
5(Y) = 0o(Y) + €8, (V),

we have Ey,[0(Y)] < « for all 0y € .
Next, we claim that Ey [6(Y)] > a for all §; € ©;. Since

E91 [5<Y)] > E91 [50(Y)] = P91 (Y € {<n17 0)7 (07 nO)}) ’
it suffices to show that, for all 6; € Oy,
Sg; N {(n17 0)7 (O,TL())} =g,

in which case Ey,[00(Y)] = a. To show this, we prove the contrapositive: if S}
contains (n1,0) or (0,mp), then § € Oy. Indeed, if there is a treatment allocation
with (Y7, Yy) = (n1,0), then all n; treated units must be always-takers or compliers,
and all ny control units must be never-takers or compliers, and thus there can be

no defiers. Analogously, if there is a treatment allocation with (Y7, Yy) = (0,ng),
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then all treated units must be never-takers or defiers, and all control units must be
always-takers or defiers, and thus there are no compliers.

Finally, we show that there exists 6; such that Ey, [6(Y)] > . Since we showed
above that Ey, [00(Y)] = « for all 6, € ©4, it suffices to show that there exists some
0, € O, such that Ey, [6;(Y)] > 0, or equivalently Py, (Y = (n; —1,1)) > 0. However,
if 6, corresponds to (ngs, Nne, na, ne) = (0,0,2,n — 2), then Y = (ny — 1,1) obtains
when one defier is assigned to treatment and the other to control. 0
Proposition 4.5. (Unbiased tests have asymptotically trivial power) Fix e > 0 and
n > 4. Fix any 0 € ©; such that v = min(0.,0,)/n > €. Let 6 be any unbiased level-a
test, i.e. a test satisfying supg,ce, £6,[0(Y)] < a <infy co, Ep, [0(Y)]. Then we have
that

E[6(Y)] < a1 + mn(e))
for n,(€) = 3.125n'5(1 — €)™

Proof. The maximum power at 6 for 0 is defined by the following linear program:

Eylo(Y)] < maxz fo(y)d(y) subject to
thyéy ) < aVte B
y

S )ily) > avie o,
d(y) € 10,1].

The dual program is

>n&lun [Z A(t Z u(t)

te6q t€EO,

Jo(y Z)\ ) fe(y +ZH ) fe(y

teOg teO®q +

R

Thus, any dual feasible A, u implies an upper bound for E4[0(Y)].
Let py = 68/n € Py and let 7(t;p1) be the PMF for Multinomial(n, p;). Note that
7(0;p1) > 0 and define ¢ = . Define, over all of ©y U Oy,

_1
m(0;p1)

cr(t;pr), t#10
(t) = (t;pr), t#
0 t=1¢6
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Then
S ufw) + foly) < > wt) fiy) + foly) = cgo () = cgp(v)

teO1 t€01UBOg
for some pg € Py by Proposition 3.1. Define
A(t) = en(tips) = Y AOf(y) = g (y)-

tEO

With this choice of A, u,

[fe(?/) SIRGIIOEDY u(t)ft(y)] = 0.

te®o tcO,
Now,
7(Oo; p1)
Z)\(t)— Zu(t) =c— [c—l—cZw(t;pl) =1+ —
teOg teO, teOg 7"(67191)
Thus © )
T\ %0; P1
< N 7
Ego(V)] <« (1 + ~(0: p1) )

By the argument in the proof of Proposition 4.3,
m(Op;p1) < 2(1 — )" — (1 —20)" < 2(1 — )"
Meanwhile,

n! Ot Ont 0Oc 6
W(Q;pﬁ = m?m@m@?uﬁi

Let m € {2,3,4} be the number of entries in § that are positive. Stirling’s formula
implies the bounds (Robbins, 1955):

V2TEF 267k < f) < ek t1/2ek

for all integer & > 1. Plug in these bounds with p; = 6/n to obtain

2 —
W(@;pl) > —mﬂni(mfl)m H p1j1/2 > m™2e= M/~ (m=1)/2 > 0.647, 15
€ j19j>0
where the second inequality uses the AM-GM inequality

H p1; < (%ZPJ) =m "
J

J:0;>0
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Therefore,
Eo[6(Y)] < a(1+3.125n"°(1 — €)") — a

as n — oo. O

Proposition 5.1. (Bayesian updating)
(1) Some Bayesians update: there exists a prior T with w(0 € ) € (0,1) such
that m(0 € ©g | Y) # 7(0 € ©y) with positive w-probability.
(2) There exist (nontrivial) Bayesian priors over 6 that never update about the
probability that monotonicity holds: if n is even, then for any ¢ € (0, 1), there
exists a prior distribution 7 over 6 such that m(0 € Oy | Y) =7(0 € ©y) = ¢,

m-almost surely.

Proof. Let 0y € ©y and 0, € ©; be two parameter values. By Proposition 3.1,
foo # fo,- Let m = 0.5dg, + 0.509, be such that 7(0y) = 0.5 € (0,1). The posterior
probability is such that
o, (y)
(O | Y =y)=70s | Y =y)=1—-7(0,|Y =y) = 0 .
( Ol ) (0| ) ( 1| ) f91(y)+f60(y)

Since fy, # fo, for some y in the support of one of fy,(-) and fo, (-), 7(6y | Y = y) #
0.5 = m(0y) with positive probability. This concludes the proof of the first part.

For the second part, by Lemma A.l, there exists priors m4 and mp such that
ma(f € ©y) =1, mp(0 € O1), and (Y = y) = mp(Y = y) for all y. Consider the
prior 7o = ¢ms + (1 — ¢)wp which mixes with probabilities ¢ and 1 — ¢ between 74
and m¢. By Bayes’ rule, we have that
(Y | 6 € ©y) - (0 € Op)

oY) '
However, since m4(0 € ©g) = 1 and 75(0 € Oy) = 0, we have that 7o (Y | 0 € ©y) =
wa(Y). Further 7o(Y) = ema(Y) + (1 — ¢)mp(Y) = ma(Y), where the second equality
uses the fact that m4(Y) = mp(Y). It follows that 7o (Y | 8 € ©g) = ma(Y) = 7 (Y).
The previous display thus reduces to m¢(0 € Oy | Y) = m¢(0 € ©g) = ¢, which gives

Wc(QEGOIY):

the second result.
O

Corollary 5.1. Suppose n is even. Then inf.)sup, R(c,8) = 0.5.
Proof. Observe that for any prior 7 over 6,

inf sup R(c,0) > inf Eor [R(c, 0)].
c() ¢ c(-

27



For a (possibly randomized) classifier ¢(+), it follows that:
EQNW[R(Cv 9)] = EGNTF[EYNﬂy‘Q[C(Y)é(]') 0) + (1 - C<Y)£(Oa 0)”
= By rry [E9Nﬂ'9\y[c(y)£<1a 0) + (1 — c(Y)€(0,0)]]
=By, |[(1=7(0 €6 |Y))c(Y)+ 7m0 €Oy |Y)(1l—c(Y))],
where for clarity in the previous display, we use e.g. my to denote the distribution
of Y induced by the prior 7, and we make explicit the measures over which random
variables are taken.

By Proposition 5.1 part 2, there exists a prior m such that 7(6 € ©¢ | V) =7(0 €

©p) = 0.5 (7-a.s.), in which case we have
Eoel R(c,0)] = Eymy | 5(V) + 3(1 = e(¥V))] = 4.

Hence for every classifier ¢(-), its Bayes risk under 7 equals 1/2, so in particular

N[

Y

inf By [R(c,0)] =

and therefore
inf sup R(c,6) > 1.
() 0
On the other hand, the trivial randomized classifier, ¢(y) = 1/2 for all y, has
R(0,c) =% for all 6,

2

and thus
1r(1§ sup R(c,0) < 3.
o) o
Combining the two inequalities yields inf..)sup, R(c,0) = 1/2. OJ

Proposition A.1. Suppose n is odd. For any ¢ € (0, 1), there exists a prior m such
that w(0 € ©¢) = ¢ and

By, [[7(0 € 69 | Y) = 7(6 € ©9)]] =27 "2 (1 —¢),
where my is the push-forward of Y under 0 ~ 7.

Proof. As in the proof to Lemma A.1, let 74 and 75 be the multinomial priors over
0 with parameters p = (0.5,0.5,0,0) and p = (0,0,0.5,0.5), respectively. As argued
in the proof to Lemma A.1, m4(Y = y) = 7p(Y = y) for all y. Observe that
7a(0 € ©g) = 1 and hence T4(0 € Oy | Y) = 1. Next, observe that 75(0 € 6g) =
75(0 € {(0,0,n,0),(0,0,0,n)} = 0.5"! =: e Let C := {(n1,0),(0,n0)} denote
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the corners of the support of Y, and observe that under 7, Y € C if and only if
0 € Op: that is, 7p(Y € C |0 € ©g) =1, 7(Y € C | 0 € ©1) = 0. It follows that
(Y € C) = ¢, and by Bayes’ rule, 75(0 € ©y | Y) = 1{Y € C}.

Now, let 7(0) = wwa(f) + (1 — w)7p(#) be the mixture of 74 and 7, with the

mixture weight w := {=¢ chosen so that 7(ff € ©g) = c. Observe that
. 7T(9 & @0, Y)
7r((9€@0|Y)— 7T(Y)
w0 €O | Y)TA(Y)+ (1 —w)7p(f € Oy | Y)7p(Y)

m(Y)
:wﬁA(é € 0 ’ Y)+(1—w)7~rB(9 € 0O | Y)
where the first line uses the definition of conditional probability, the second line
uses the definition of 7, and the third line uses the fact that 74(Y) = 75(Y) =
7(Y). It follows from the previous display and our earlier derivations of the posterior
probabilities that
T €6 |Y)=w+(1—-w)l{Y € C}.
We thus see that
Ey oy [[T(0 €00 |Y) =70 €0p)]]=7(Y €eC)1—¢c)+ (1 —7m(Y € O))(c—w)

=e(l—c)+(1—¢)(c—w)

= 2¢(1 — ).
The result then follows from the definition of € = 2=, 0

Corollary A.1. Suppose n is odd. Then inf..)supy R(c,0) > 0.5 — 2=~

Proof. As argued in the proof to Corollary 5.1, for any prior =, inf..)supy R(c, 0) >
infe) Egr[R(c,0)] and

Epor|R(c,0)] = By.or, [(1 70 €O | V) e(Y)+ 7m0 €Oy | Y)(1—c(Y)). (8)

From Proposition A.1, there exists 7 such that 7(0 € ©y) = 0.5 and Ey.,,[|7(f €
O | Y) —7(0 € 6y)|] =21, Adding and subtracting Ey ., [(1 — 7(60¢))c(Y) +
7(09)(1 — ¢(Y))] = 0.5 from (8), we see that

Eypr[R(e,0)] = 0.5+ Byr [(1(6y | V) — 7(00))(1 — 2¢(Y))
> 0.5 = Eyry [|1(00 | Y) — 7(00)| - |1 — 2¢(Y)]]
> 0.5 = Eyny [[T(Og [ V) — m(O0)]]
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=0.5—2"(""Y

where the second line uses the triangle inequality, and the third uses the fact that
c(Y) € [0,1]. This completes the proof. O
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