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Abstract

Tests for pre-existing trends (“pre-trends”) are a common way of assessing the plau-
sibility of the parallel trends assumption in difference-in-differences and related research
designs. This paper highlights some important limitations of pre-trends testing. From
a theoretical perspective, I analyze the distribution of conventional estimates and con-
fidence intervals conditional on surviving a pre-test for pre-trends. I show that in non-
pathological cases, the bias of conventional estimates conditional on passing a pre-test
can be worse than the unconditional bias. Thus, pre-tests meant to mitigate bias and
coverage issues in published work can in fact exacerbate them. I empirically investigate
the practical relevance of these concerns in simulations based on a systematic review
of recent papers in leading economics journals. I find that conventional pre-tests are
often underpowered against plausible violations of parallel trends that produce bias of
a similar magnitude as the estimated treatment effect. Distortions from pre-testing can
also be substantial. Finally, I discuss alternative approaches that can improve upon the

standard practice of relying on pre-trends testing.

1 Introduction

When using difference-in-differences or related research designs, researchers commonly test

for pre-treatment differences in trends (“pre-trends”) between the treated and control units
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as a way of assessing the plausibility of the parallel trends assumption. These tests are
remarkably common: based on my review, over 70 recent papers in the journals of the
American Economic Association have employed an “event-study plot” to visually test for
pre-trends.

This paper provides theoretical and empirical evidence on the limitations of pre-trends
testing. From a theoretical perspective, I analyze the distribution of conventional estimates
and confidence intervals (CIs) after surviving a test for pre-trends. In non-pathological
cases, bias and coverage rates of conventional estimates and Cls can be worse conditional on
passing the pre-test. Empirically, I conduct a systematic review of recent papers in leading
economics journals that test for pre-trends. Simulations based on these papers suggest
that the theoretical concerns about pre-trends testing are relevant in practice: the power of
conventional pre-tests is often low, and substantial distortions from pre-testing are possible.
Finally, I discuss alternative approaches that can improve upon the standard practice of
pre-trends testing.

I begin in Section 2 with a stylized model to illustrate the intuition for the limitations of
pre-trends testing. I consider a difference-in-differences setting with three periods in which
there are normal, homoskedastic errors and potentially linear violations of parallel trends.
Even when parallel trends is violated, some draws of the data nonetheless “survive” the
test for pre-trends. Moreover, these surviving draws have bias that is worse than would be
expected based on the difference in trends alone. The intuition for this is that noise in the
data that masks the pre-existing trend also exacerbates bias in the treatment effect estimate
because of a mean-reversion effect. An implication of this result is that publication rules
that require insignificant pre-trends may or may not reduce bias in published work. Whether
they do so will depend on the latent distribution of biases in studies that researchers consider
for publication, as well as the power of the pre-test against relevant alternatives. Similar
results apply to the coverage rates of conventional ClIs.

Section 3 provides a more general theoretical treatment of the distribution of event-study
estimates after surviving a pre-test for pre-trends.! I derive formulas for the bias and variance
of conventional estimates after pre-testing. In general, the bias after surviving a pre-test can
be larger or smaller than the unconditional bias. I prove, however, that the bias after pre-
testing is necessarily larger in settings with homoskedastic errors and monotone differences
in trends. Thus, pre-testing can exacerbate bias in non-pathological cases. I also show under

quite general conditions that the variance of conventional estimates is lower conditional on

!'Throughout the paper, I use the phrase “event-study” to refer to a large class of specifications that
estimate dynamic treatment effects along with placebo pre-treatment effects. This includes, but is not
limited to, settings with staggered treatment timing; see Related Literature and Remark 2.



passing the pre-test. As a result, traditional CIs will tend to over-cover conditional on passing
the pre-test when bias is small, but will generally under-cover as the bias grows larger.

Section 4 evaluates the practical relevance of these theoretical concerns in data-generating
processes calibrated based on a systematic review of recent papers in three leading economics
journals (the American Economic Review, AEJ: Applied Economics, and AEJ: Economic
Policy). Although other recent papers have cautioned that pre-trends tests may have low
power (Freyaldenhoven et al., 2019; Kahn-Lang and Lang, 2018; Bilinski and Hatfield, 2018),
I provide the first systematic evaluation of the power of pre-trends tests in published papers.
I find that, indeed, conventional pre-trends tests often have low power against meaningful
violations of parallel trends. In many cases, linear violations against which conventional tests
have power of only 50 percent would produce bias of a magnitude similar to the estimated
treatment effect. Under such violations of parallel trends, conventional 95% Cls fail to
include the average post-treatment effect approximately half of the time in the median paper.
Although homoskedasticity does not typically hold in practice, the bias conditional on failing
to detect an underlying trend is nonetheless worse than the unconditional bias in the large
majority of cases, in line with the theoretical prediction for the homoskedastic case. This
bias amplification can be substantial in magnitude: in some cases, the bias conditional on
passing the pre-test is more than twice as large as the unconditional bias.

Finally, I consider different approaches for improving upon the current practice of relying
on pre-trends testing in Section 5. I first consider parametric approaches, which extrapolate
the pre-treatment difference in trends to the post-treatment periods via a functional form
assumption. The advantage of these approaches is that they give valid causal estimates and
CIs without pre-testing, provided that the functional form assumption is correct. Although
off-the-shelf parametric approaches are not valid conditional on passing a pre-test, I show in
Appendix B that these parametric approaches can be combined with corrections for publi-
cation bias developed in Andrews and Kasy (2019) to obtain valid estimation and inference
following a pre-testing step. This modified parametric approach can be used for retrospective
analysis of studies that have been selected on the basis of pre-trends testing.

Unfortunately, however, researchers are often unsure about the correct functional form
for the differential trend (Wolfers, 2006; Lee and Solon, 2011). I therefore next turn my
attention to two methods that relax the exact parallel trends assumption in different ways.
One approach is that of Freyaldenhoven et al. (2019), who allow for parallel trends to be
violated so long as there is an excluded covariate that is assumed to be affected by the same
confounding factors as the outcome but unaffected by the treatment. A second approach is
that of Rambachan and Roth (2019), who provide methods for valid causal inference under

assumptions about how informative the true pre-existing trends are about the counterfactual



post-treatment differences in trends. They formalize these assumptions via restrictions on
the smoothness of the possible violations of parallel trends, and recommend conducting
sensitivity analysis with respect to these assumptions. Both of these approaches enable one
to obtain valid causal inference over certain classes of violations of parallel trends without
conducting pre-tests, thus avoiding the issues with pre-testing discussed in this paper.
Each of these three alternative approaches can be viewed as imposing certain assumptions
about the possible ways in which the parallel trends assumption may be violated. Which
method to use thus depends on what assumptions are reasonable in a particular economic
context; I provide recommendations for choosing between the methods in Section 5.3. Re-
gardless of the context, I encourage researchers to be explicit about their assumptions about
how parallel trends may be violated, and to subject these assumptions to scrutiny given
economic knowledge. Incorporating economic knowledge, rather than relying on the statis-
tical significance of pre-trends tests, will improve the credibility and clarity of science in

difference-in-differences and related research designs.

Related Literature. This paper relates to a large literature in econometrics and statistics
showing that problems can arise in a variety of contexts if researchers do not account for
a pre-testing or model selection step (see, e.g., Giles and Giles (1993), Leeb and Pd&tscher
(2005), Lee et al. (2016), and references therein). Recent work has examined, for instance,
the implications of pre-testing for weak identification (Andrews, 2018), choosing between
OLS and IV specifications on the basis of a pre-test (Guggenberger, 2010), using data-driven
tuning parameters (Armstrong and Kolesar, 2018), and model selection in high-dimensional
settings (Belloni et al., 2014; Farrell, 2015; Belloni et al., 2017). I show theoretically and
empirically that similar issues arise with the common practice of testing for pre-trends in
difference-in-differences and related research designs.

This paper also contributes to a large body of work on the econometrics of difference-in-
differences and related research designs in particular. A topic of substantial recent interest
has been the failure of standard two-way fixed effect models to recover a sensible causal
estimand in settings with staggered treatment timing and heterogenous treatment effects,
even under a suitable parallel trends assumption (Borusyak and Jaravel, 2016; Abraham and
Sun, 2018; Athey and Imbens, 2018; de Chaisemartin and D’Haultfceuille, 2018; Goodman-
Bacon, 2019; Callaway and Sant’Anna, 2019). For expositional clarity, the main theoretical
focus of this paper is on the failures of pre-trends testing in the simpler setting with non-
staggered treatment timing or homogenous treatment effects, although the concerns raised
apply to the staggered case with heterogeneity as well; see Remark 2 for further discussion.

Most closely related to the current paper, recent papers by Freyaldenhoven et al. (2019),



Kahn-Lang and Lang (2018), and Bilinski and Hatfield (2018) have warned that traditional
pre-tests may have low power to detect meaningful violations of parallel trends. I contribute
to this literature in three ways. First, I characterize the distribution of treatment effects
estimates conditional on having survived a pre-test for parallel trends, and show that pre-
testing need not necessarily reduce bias and coverage issues from violations of parallel trends.?
Second, I provide the first systematic empirical evaluation of the power of pre-trends tests
and the distortions from pre-trends testing in published work. Finally, I discuss alternatives
to pre-testing and provide concrete recommendations for researchers.

Lastly, this paper relates to the literature on selective publication of scientific results
(Rothstein et al. (2005) and Christensen and Miguel (2016) provide reviews). A particularly
relevant paper on selective publication is Snyder and Zhuo (2018), who provide empirical
evidence that papers with significant placebo coefficients — which they refer to as “sniff tests”
— are less likely to be published. I study tests for pre-trends, a common form of sniff test,
and provide theoretical and empirical results on the limitations of these tests in reducing
bias and coverage issues. I also build on work by Andrews and Kasy (2019) on correcting
for publication bias, as well as earlier results from Lee et al. (2016) and Pfanzagl (1994), to
develop corrections to standard parametric methods that have good properties conditional

on passing a pre-test for pre-trends.

2 Stylized Model

This section develops intuition for the limitations of pre-trends testing in a stylized model

with three periods, homoskedastic errors, and (potentially) linear violations of parallel trends.

2.1 Stylized model set-up

Suppose that we observe an outcome y;; for individuals ¢ in period ¢ for three periods t =
—1,0, 1. Individuals in the treatment group (D; = 1) receive a treatment of interest between
periods 0 and 1, whereas individuals in the control group (D; = 0) do not receive the
treatment. We denote by y;;(1) and y;;(0) the potential outcomes for individual i in period ¢
that would have occurred if they respectively did or did not receive treatment. The observed
outcome can then be written as y;; = Dy (1) + (1 — D;)y(0). For simplicity, we consider

the case where there is no causal effect of treatment, i.e. y;(1) = v;(0), and the true

2Relatedly, Daw and Hatfield (2018) and Chabé-Ferret (2015) illustrate that selecting a control group on
the basis of pre-period outcomes can induce bias in difference-in-differences.



data-generating process for y;;(0) is given by
Yit(0) = a; + ¢y + Dy X g(t) + €3, (1)

where €;; LN (0, 02). The term D; x g(t) represents a potential difference in trends between
the treatment and control group. For instance, if g(t) = ¢, then the average outcome for the
treatment group is increasing linearly relative to the control group, whereas if g(t) = 0 then
the parallel trends assumption holds.

We suppose that the researcher estimates the “event-study” difference-in-differences re-

gression specification

yit:ai+¢t+ZBsX1[3:t]XDi+6it~ (2)
s#0

The estimate Bl is the canonical difference-in-differences treatment effect estimate,
51 = Agt:l - Agt:Oa

where Ay, is the difference in sample means between the treatment and control group in

period t. Likewise, the estimate ﬁ:l is the canonical pre-period event-study coefficient,
Bo1 = AY——1 — Aljs—o.

An important observation is that the term Ay;—g, the estimated difference in means between
treatment and control in the reference period (¢t = 0), enters the expression for both the
pre-period and post-period coefficients. As a result, if we select on the observed pre-period
coeflicient 5_1 being close to zero, this will affect the distribution of Ag;—y, which in turn
will impact the distribution of Bl. The next section illustrates how this selection plays out

in detail.

2.2 Conventional estimates and Cls after pre-testing

We now analyze the performance of the point estimates and Cls for ; under the data-
generating process described above. For simplicity, we focus on linear violations of parallel
trends, g(t) =~y - t, and vary the slope of the difference in trends 7. We choose the number
of observations N and variance o? so that Var [Bl] = Var [B,l] = 1. We then analyze

the properties of traditional point estimates and ClIs both unconditionally, and conditional

~ 2 ~
3Note that Var [61} = 4](\7; , and likewise for _1, so the variance depends only on the ratio of o2 and N.



on surviving a pre-test for the null hypothesis that 5_; is equal to 0 at the 95% level. The

results of this exercise are summarized in Figure 1.

Power of pre-testing. The top left panel of Figure 1 shows the probability that we “pass”
the pre-test, i.e. that we do not find a significant pre-period coefficient B_l at the 95% level.
Naturally, we fail to find a significant pre-period coefficient 95% of the time when parallel
trends holds (v = 0). Note, however, that we also do not find a significant pre-trend in a
substantial fraction of cases for certain violations of parallel trends. Consider, for instance,
the case when v = 2, so that the mean of B,l is two standard errors below 0. We will fail to
reject the null if 3_; is within 2 standard errors of 0, which occurs if _; is between 0 and 4
standard errors above its mean. This occurs with probability ®(4) — ®(0) ~ 0.5, so we pass

the pre-test about half the time when the magnitude of v is twice the standard error of B_1.

Bias. The top right panel of Figure 1 shows the bias of ffl for the treatment effect in period
1. When we do not condition on the result of the pre-test, by construction the bias is just
the slope of the differential trend, ~, which is shown in black. In blue, we plot the bias
of By in realizations of the data in which we do not detect a significant pre-trend. We see
that when parallel trends is violated, the bias conditional on passing the pre-test is larger
than the unconditional bias; that is, the realizations of the data in which we fail to detect
a violation of parallel trends tend to produce estimates Bl that are more biased than would
be expected based on the differential trend of slope v alone.

To understand the intuition for this bias exacerbation, consider Figure 2. The left panel
shows realizations of Ay, the difference in sample means between the treated and control
group in period ¢, simulated from our DGP when v = 3. Note that the slope of the line
between period 0 and period 1 corresponds with the magnitude of the pre-period coefficient
B,l, whereas the slope between period 0 and period 1 corresponds with Bl. Highlighted
in blue are the draws of the data in which we do not detect a significant pre-trend. By
construction, these blue lines have small slopes between period -1 and period 0, corresponding
with small values of B,l. Note, however, that these blue lines also tend to have larger slopes
between period 0 and period 1, corresponding with more biased realizations of B (The right
panel of the figure shows the average over 1 million draws.) This is because the blue draws
of the data tend to have below-average values of Ay;—g, since negative shocks in period 0
“flatten” out the observed slope in the pre-period. Owing to a mean-reversion effect, there
is then a larger change between period 0 and period 1, leading these insignificant draws of

the data to be particularly biased for the treatment effect in period 1.*

4Daw and Hatfield (2018) show that a similar mean-reversion effect can produce bias when creating a



Figure 1: Probability Pass Pre-test, and Bias, Variance, and Coverage of OLS Treatment
Effect Estimates Under Linear Violations of Parallel Trends
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Note: This figure shows the performance of the OLS treatment effect estimate under linear violations of
parallel trends, both unconditionally and conditional on not detecting a significant pre-trend at the 5%
level. The top left panel shows the probability of passing the pre-test; the top right and bottom left panels
respectively show the bias and variance of 51. The bottom right panel shows the coverage of the treatment
effect for a nominal 95% interval.



Figure 2: Intuition for how bias is worse conditional on not detecting a significant pre-trend
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Note: The left panel of the figure shows simulated draws from a DGP in which in population the outcome
of interest for the treatment group is increasing linearly relative to the control group. The y-axis shows the
difference in sample means between the treatment and control group in each period (Ag;). I highlight in
blue the draws of the data in which the pre-period coefficient 3_; is insignificant at the 95% level. The right
panel shows the average of the blue lines over 1 million draws.

Variance. The bottom left panel of Figure 1 shows the variance of 1, both unconditionally
and conditional on passing the pre-test. We see that the variance of ,5’1 is lower conditional
on passing the pre-test for all values of 4. The intuition for this is that By = A1 — AlY—o,
and conditioning on passing the pre-test tends to reduce the variance of Ay;—g. This can
be seen, for instance, in the left panel of Figure 2, in which the blue dots at t = 0 are

substantially less dispersed than the gray triangles.

Coverage of ClIs. The bottom right panel of Figure 1 plots the rate at which traditional
CIs for Bl cover the treatment effect. The unconditional coverage rate starts at the nominal
95% level when parallel trends holds (v = 0), but declines as 7 increases because of the
bias from the differential trend. Owing to the symmetry of our stylized example between
period -1 and period 1, the unconditional coverage rate is identical to the probability of
passing the pre-test. Thus, under the slope v for which we detect a pre-trend only half the
time, a conventional 95% CI would (unconditionally) reject the true treatment effect half the
time. The coverage rates conditional on passing the pre-test start out slightly higher than

the nominal coverage rate (96% under parallel trends), but can be substantially lower than

control group based on matching on pre-period outcomes, rather than pre-testing for significance.



the unconditional coverage rates for larger violations of parallel trends. This is a result of
a trade-off between two effects: on the one hand, the variance of Bl is smaller conditional
on passing the pre-test; on the other, pre-testing introduces additional bias when parallel
trends is violated. Conditional on surviving the pre-test, conventional CIs thus over-cover for
values of v close to zero, where the variance effect dominates, but substantially undercover

for larger values of v, for which bias dominates.

2.3 Implications of publication rules that require pre-testing

So far, we have evaluated the implications of pre-testing on the performance of conventional
estimates and Cls for fixed values of v. We now extend the baseline model to understand
the implications of these results for publication regimes in an environment where researchers
try many different studies, and parallel trends is satisfied in some of these but not others.
Intuitively, when we require an insignificant pre-trend to publish, there is a tradeoff between
two effects. First, requiring an insignificant pre-trend increases the fraction of published
studies in which parallel trends holds (7 = 0). Second, pre-testing affects the distribution of
estimates that survive for any given violation of parallel trends. As shown in the previous
section, bias and coverage rates may be worse conditional on passing the pre-test for a fixed
value of ~.

To clarify these tradeoffs more formally, we consider a simple extension to the stylized
model in which parallel trends holds in fraction 1 — 6 of latent studies, and in fraction 6 of
latent studies there is a linear violation of parallel trends with slope ¥ > 0. If we did not test
for parallel trends and published everything, the expected bias in published studies would
be:

Bias™® '™ = P(y =7)7 = 07.

Likewise, if we only accept studies that pass the pre-test, the bias in published studies is:

Test

Bias " = P(y = 7| Accept)E [bias | v = 7, Accept] .

The ratio of biases across the two regimes is then:

Bias™®t  P(y =] Accept) E[bias|y =7, Accept]

- - - . (3)

BiaqgNotest P(’Y — ,7) y
- ~~ 7 -~ e
Relative fraction of Ratio of bias when accept
studies with biased biased design (> 1)
design (< 1)

10



Equation (3) makes clear the tradeoffs involved in requiring an insignificant pre-trend to
publish. The first term represents the relative fraction of published studies with a biased
design (y = 7) across the two regimes. Pre-testing makes us relatively more likely to accept
a study where parallel trends holds, so this term will tend to be less than 1. However, the
second term represents the ratio of biases in the published studies where parallel trends does
not hold in population. As demonstrated in Section 2.2, in our simple model this bias is
worse conditional on surviving the pre-test, so the second term will be greater than 1.

The bias under the pre-testing regime will tend to be worse when either the fraction of
latent studies with a biased design (6) is high, or if the pre-test has low power. To see why

this is the case, using Bayes’ rule we can re-write the first term in (3) as:

1
6+ (1—0)BF (4)

where

BF — P(Accept|y = (3)

P(Accept|y = 7)
is the Bayes factor, i.e. the ratio of the likelihood of finding an insignificant pre-trend when
parallel trends holds relative to when it is violated. The pre-testing regime will tend to
have larger bias when the expression in (4) is close to 1. This will occur if 6 is close to 1,
meaning that a high fraction of latent research designs are biased, or if the Bayes Factor is
close to 1, meaning that the pre-test has low power. These dynamics are captured in Figure
3, which shows the (mean) bias in published studies as a function of 6 for ¥ =1 and 4 = 3,
which correspond with Bayes factors of 1.1 and 6.4. When 4 = 1 and the Bayes factor is
small, we see that requiring an insignificant pre-test to publish leads to weakly larger bias
in published work for all values of 8, with the pre-testing regime doing substantially worse
when 6 is large. For ¥ = 3, where the pre-test is better powered, we see that requiring an
insignificant pre-test to publish can substantially reduce bias for lower values of 8, but will
nonetheless exacerbate bias if # is sufficiently large.

Appendix Figure D1 shows the analogous results for size control in published work, rather
than bias. Again, the pre-testing publication regime may be ineffective in controlling size,
with size contol in published work substantially exceeding the nominal level of 5% for many
parameter values. The pre-testing regime can even produce worse results than accepting all
papers if the pre-test is sufficiently underpowered or the fraction of latent biased studies is
high.

An implication of this section is that requiring insignificant pre-trends to publish need not

necessarily be effective in reducing bias or controlling size in published work. Indeed, if the
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Figure 3: Comparing bias in published studies when requiring an insignificant pre-trend
versus publishing everything
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Note: Each figure shows the (mean) bias in published work in the setting described in Section 2.3 as a
function of the fraction of latent studies in which parallel trends is violated (¢). The Insignificant Pre-trend
regime only publishes studies in which B,l is statistically insignificant. The two panels show results for
different values of the slope of the differential trend () when parallel trends fails. See Section 2.3 for further
detail.

pre-test is underpowered or if a high fraction of latent research designs are biased, requiring
pre-testing may even exacerbate these issues. These results should make researchers cautious
of relying solely on the significance of pre-tests, unless they have context-specific knowledge
about the power of the pre-test against the relevant alternatives or the latent credibility of

the research design.

3 Theory: Pre-testing in a more general model

Section 2 considered the performance of conventional treatment effects estimates after pre-
testing in a stylized setting with 3 periods, i.i.d. shocks to the outcome across periods, and
linear violations of parallel trends. This section formalizes the intuition from Section 2 and
extends the analysis to allow for additional periods, more complicated covariance structures,

and non-linear violations of parallel trends.
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3.1 Model

I consider a setting where the researcher observes a vector of pre-period and post-period

coefficients that is jointly normally distributed with known variance:

ﬁ:post NN ﬂpost ’ le 212 . (5)
6;01"6 ﬁpre E21 E22

I denote by K the dimension of the pre-period coefficient vector Bpre, and by M the dimension
of the post-period coefficients Bpost. For ease of notation, I will consider the case where
M = 1 unless noted otherwise; all of the results for M = 1 will then apply to each individual
post-period coefficient (or linear combinations thereof) in the case when M > 1.

We decompose the population mean as

ﬁ 'post - 7—post 5post
()= )(5)

where 7,, is the true causal parameter of interest, and ¢ represents the (unconditional) bias
in conventional estimates from an underlying trend. For instance, in the example in Section
2.2, the true treatment effect was 7,,;s = 0, but the researcher estimating regression (2)
would have bias from the underlying trend given by (0post, Opre) = (7, —7). If parallel trends
holds, then 0 = 0. We assume that the treatment of interest has no causal effect prior to its
implementation, so that By = dpre.

I will analyze the properties of the distribution of Bpost conditional on a pre-test based
on the pre-period coefficients — i.e. conditional on the event that ,épre € B for some set
B. For instance, researchers often test to see whether any of the pre-period coefficients is

individually statistically significant at the 5% level, which is captured by the event BpTe €
Brs i= {Bore © |Bprejl/ /255 < 1.96 for all j}.

Remark 1. The finite-sample normal model specified above will hold exactly if we assume
normal errors, as in the example in Section 2, but can more reasonably be thought of as an
asymptotic approximation, since a wide variety of estimation procedures will yield asymp-
totically normal coefficients via the central limit theorem. For instance, the traditional
two-way fixed effects model (2) will lead to asymptotically normal coefficients as N grows
large under mild regularity conditions. Other procedures, such as the GMM estimator pro-
posed by Freyaldenhoven et al. (2019), will also have an asymptotically normal distribution
under suitable regularity conditions, and thus the results here can also be used to analyze
the asymptotic distribution of treatment effects estimates conditional on not finding signif-

icant pre-period placebo coefficients in these models as well. Appendix C shows that the
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results derived in the finite sample normal model hold uniformly over a wide range of data-
generating processes under which the probability of passing the pre-test does not disappear

asymptotically.”

Remark 2. An active recent literature has examined the interpretation of the coefficients
Bpre and Bpes from the two-way fixed effects regression (2) when there is staggered adoption
of treatment timing (Abraham and Sun, 2018; Borusyak and Jaravel, 2016; Callaway and
Sant’Anna, 2019).° The results in Abraham and Sun (2018) imply that the coefficients S,
and f3,,;+ may not have a sensible interpretation if there is treatment effect heterogeneity,
even under a strong generalization of the parallel trends assumption to the staggered timing
case. Specifically, they show that there may be pollution across lags, such that ,,. may be
non-zero even if parallel trends holds, and the coefficient 3, for ¢ > 0 may be affected by
treatment effects in periods other than ¢. On the other hand, their results suggest that if
cohorts that adopt treatment at different times have the same dynamic path of treatment
effects, then the coefficients 5 can sensibly be decomposed as in (6), where 7,5 is the dynamic
profile of treatment effects and 6,,. # 0 only if parallel trends is violated in the pre-period.

Moreover, Abraham and Sun (2018) and Callaway and Sant’Anna (2019) propose alter-
native estimators that have sensible interpretations as weighted averages of causal effects
at a particular lag since treatment even under heterogeneous treatment effects. These es-
timators can be used to construct estimates of dynamic causal effects, as well as placebo
pre-treatment estimates. Since these estimators yield asymptotically normal coefficients un-
der suitable regular conditions, the results here can also be used to analyze the asymptotic

distribution of those estimates following a pre-test of these placebo coefficients. B

3.2 Bias After Pre-testing

I begin by analyzing the bias of Bpost for 7,,s+ conditional on passing the pre-test. The
following result, which follows from standard arguments using the conditional distributions

of multivariate normals, provides a formula for the conditional bias.

Proposition 3.1. For any conditioning set B,

5The condition that the probability of passing the pre-test does not disappear asymptotically requires
that the pre-period trend d,,. be shrinking with the sample size. This local-to-0 approximation captures the
fact that in finite samples the pre-trend may be of a similar order of magnitude as the sampling uncertainty
in the data. In a model with fixed d,,., the probability of rejecting the pre-test would be either 0 or 1
asymptotically, which does not capture the fact that in practice we are often uncertain whether the pre-
trend is zero or not.

6Relatedly, several other recent papers focus on the interpretation of “static” specifications with only a
post-treatment indicator, rather than leads and lags of treatment timing. See the Related Literature section
for references.
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E Bpost ’ Bpre € B| = Tpost + 5post + E1222721 (E [Bpre ‘ Bpre € B] - ﬁpre) .

The formula in Proposition 3.1 illustrates that the expectation of Bpost conditional on passing
the pre-test is the sum of i) the treatment effect of interest 7,5, i) the unconditional bias
dposts and iii) an additional “pre-test bias” term, which depends on the distortion to the
mean of the pre-period coefficients from pre-testing, as well as on the normalized covariance

between the pre-period and post-period coefficients.

3.2.1 Sufficient conditions for bias exacerbation

In the stylized example in Section 2, we saw that the bias of Bpost for 7,05+ was worse condi-
tional on passing the pre-test when there were linear violations of parallel trends. We now
show that this result extends to arbitrary monotone violations of parallel trends under cer-
tain restrictions on the covariance matrix. These restrictions follow from a homoskedasticity
assumption in the general case with multiple periods.

We introduce the following restrictions on the covariance matrix, which depend on the

number of pre-treatment coefficients, K.

Assumption 1. ¥ satisfies the following restrictions:

1. If K =1, then we assume that %15 = Cov (Bpre, Bpost> > 0.

2

2. If K > 1, we assume that ¥ has a common term o° on the diagonal and a common

term p > 0 off of the diagonal, with o* > p.

Remark 3. With one pre-treatment period, Assumption 1 imposes only that the pre-period
coefficient Bpre has positive covariance with the treatment effect estimate Bpost. Although
in practice having only one pre-period may be rare, when there are multiple pre-periods

researchers may test for a pre-trend using a parametric linear trend, such as

Yit = 0 + O + Brrena X t X Di‘f‘Zﬂs X 1[s = t] x D; + €. (7)

s>0

In this case, testing the significance of and is equivalent to testing a one-dimensional pre-
period coefficient. Assumption 1 thus will apply whenever the coefficient Btrend is positively

correlated with the estimate for a post-treatment coefficient of interest (e.g., Bl) [ |

Remark 4. With multiple pre-treatment periods, Assumption 1 is implied by a suitable

homoskedasticity assumption in the canonical two-way fixed effects difference-in-differences
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model. To see this, suppose that the data is generated from the model

Yit = 0 + Py +Z Bs XD; + €.
s#0 Ts+0s

If the researcher estimates regression (2), then the estimated coefficients will be given by

~

Bs = Bs + A&s — Aéy,

where A€, is the difference in the average residuals for the treatment and control groups in
period t. It follows that Cov (Bj, Bk) = Cov (A€; — A&, Aé, — Ag). Hence, Assumption 1

will hold if A&, is #id across time, since we will have Var [Bk} = 202 and Cov(fy, ;) = o2 for
o2 := Var [A&]. A sufficient condition for Ag; to be 7id across time is for the individual-level

errors ¢€; to be 72d. W

We now show that under Assumption 1, the bias after testing for significant pre-treatment
coefficients is worse than the unconditional bias under arbitrary monotone violations of

parallel trends.

Proposition 3.2 (Sign of bias under monotone trend). Suppose that there is an upward
pre-trend in the sense that 0, < 0 (elementwise) and Spost > 0.7 If Assumption 1 holds,
then

E [5})031‘, | Bpre € BNIS > ﬁpost > Tpost -

The analogous result holds replacing ">" with "<" and vice versa.

Remark 5. In many difference-in-differences settings, researchers are worried that treatment
may be correlated with ongoing secular economic trends, in which case the monotonicity of §
may be a reasonable assumption. Several recent papers suggest that any violations of parallel
trends would be monotone. For instance, Lovenheim and Willen (2019) argue that violations
of parallel trends cannot explain their results because “pre-[treatment| trends are either zero
or in the wrong direction (i.e., opposite to the direction of the treatment effect).” Likewise,
Greenstone and Hanna (2014) estimate upward-sloping pre-existing trends and argue that
their estimates would be upward biased “if the pre-trends had continued.” Nonetheless, there

are economic settings in which we do not expect monotonicity to hold, with the so-called

"Recall that specifications such as (2) implicitly normalize 69 = 0. Thus, if the difference in trends
is monotonically increasing, i.e. d_g < ... < dg = 0 < ... < &y, then the restrictions on ¢ imposed by
Proposition 3.2 hold. Note, however, that the restriction that §,,. < 0 and dp0s: > 0 is actually somewhat
weaker than monotonicity. It allows, for instance, for §_3 > §_5, so long as both are less than 0.
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Ashenfelter’s dip expected in job-training programs as a notable example (Ashenfelter, 1978).
|

Remark 6. The homoskedasticity assumption required to obtain the bias exacerbation in
Proposition 3.2 is of course strong and unlikely to hold in most practical applications. One
can construct examples using a covariance matrix that violates Assumption 1 in which the
conditional bias is less than the unconditional bias, so there is no universal guarantee that
the bias is exacerbated with arbitrary covariance structures. Nonetheless, the fact that bias
is exacerbated under homoskedasticty and arbitrary monotone violations of parallel trends
indicates that pre-testing can exacerbate bias in non-pathological cases.

Moreover, it is straightforward to calculate whether pre-testing will exacerbate bias for
any particular underlying trend and covariance matrix using the formula in Proposition 3.1.
In Section 4, I apply this approach to calculate the pre-test bias under linear violations
of parallel trends in a sample of recently published papers. I show that although in prac-
tice homoskedasticity typically does not hold, in most published papers the pre-test bias

nonetheless goes in the same direction as the underlying trend. l

Remark 7. Another limitation of the result in Proposition 3.2 is that the result applies
only to the pre-test that no individual coefficient is statistically significant, as opposed to
an arbitrary pre-test. It seems likely that similar results may be available for tests of joint
significance using the results on elliptically-truncated normal distributions from Tallis (1963)
and Arismendi Zambrano and Broda (2016), although I leave this to future work. W

3.2.2 Unbiasedness after pre-testing when parallel trends holds

In the simple example in Section 2, we saw that when parallel trends was satisfied, Bpost
remained unbiased for the treatment effect conditional on not finding a significant pre-trend.
From Proposition 3.1, we see that Bpost is conditionally unbiased for 7,5 if 90t = 0 and
E Bpre | Bpre € B| = Bpre. One can show that if 6, = 0, then E [Bpre ] Bpre € B| = Byre
provided that the pre-test B is symmetric in the sense that we reject the hypothesis of
parallel pre-trends for Bpre if and only if we reject the hypothesis for — Bpre, a property which
holds for any two-sided test of significance. It follows that, as in the simple example, Bpost
is unbiased for the treatment effect of interest after pre-testing when parallel trends holds,

so long as the pre-test is symmetric.

Corollary 3.1 (No pre-test bias under parallel trends). Suppose that parallel trends holds,
50 that Opre = Opost = 0. If the pre-test B is such that Bpre € B if and only if —BPT& € B,
then

E Bpost | Bpre € B| = Tpost-
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3.3 Pre-testing reduces the variance of estimates

Having analyzed the properties of the mean of the treatment effect estimate conditional on
passing a pre-test for parallel trends, we now turn to analyzing its variance. We begin with
a general formula, which expresses the conditional variance of the treatment effect in terms

of its unconditional variance and the distortion to the variance of the pre-period coefficients.

Proposition 3.3.
Var | Bpost Byre € B] = Var By | + (512522) (Var [Byre | e € B| = Var [Byre] ) (Z155)'

In the model in Section 2, we found that the variance of the treatment effect estimate
conditional on passing the pre-test for parallel trends was smaller than the unconditional
variance. We now show that that this feature holds more broadly for a large class of pre-
tests. In particular, we only require that the pre-test is convex, meaning that if we do not
reject parallel trends for Bpml and Bpre,Qu then for 6 € (0,1), we also will not reject parallel
trends for Qﬁpre,l +(1-19) Bpmg. This property holds for most common pre-tests — including
tests of individual statistical significance, joint tests for significance, and tests for significant

linear slopes.

Proposition 3.4 (Pre-testing reduces variance). Suppose that B is a conver set. Then
VG/F Bpost | Bp’/‘e S B] S V(l’f’ [Bpost} .

4 The practical relevance of pre-testing distortions: evi-

dence from a review of recent papers

This section provides evidence that the theoretical concerns raised in the previous sections
are relevant in practice. First, in a systematic review of recent papers in three leading
economics journals, I illustrate that conventional pre-tests for parallel trends often have low
power even against substantial linear violations of parallel trends. Second, I show that bias
and coverage issues can be substantially different, and in many cases worse, conditional on
surviving a pre-test. Although homoskedasticity typically does not hold in practice, the bias
from pre-testing nonetheless amplifies the bias from a monotone trend in most cases, and

can be of a substantial magnitude.
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4.1 Selecting the sample of papers

I searched on Google Scholar for occurrences of the phrase “event study” in papers published
in the American Economic Review, AEJ: Applied Economics, and AEJ: Economic Policy
between 2014 and June 2018. I chose the phrase “event study” since papers that evaluate
pre-trends often do so in a so-called “event study plot.” The search returned 70 total papers
that include a figure displaying the results from what the authors describe as an event-study.

For my analysis, I further restricted to papers meeting the following criteria:
1. The data to replicate the event-study plot was publicly available.

2. The event-study plot shows point estimates and Cls for dynamic treatment effects

relative to some reference period, which is normalized to zero.

3. The authors do not explicitly reject a causal interpretation of the event-study.

Meets criteria: Number of Papers
Contains event study plot 70
& Replication data available 27
& Provides standard errors 18
& Normalizes a period to 0 15
& Doesn’t reject causal interpretation 12

Table 1: Number of papers meeting criteria for inclusion in review of papers

Table 1 shows the number of papers that were eliminated by each of the criteria. Un-
fortunately, the constraint that the data be publicly available eliminated roughly two-thirds
of the original sample of papers.® The second constraint eliminated two groups of papers.
First, some papers portray the time-series of the outcome of interest for the treatment group
and control group, typically without standard errors. I omit these papers, since I would
like to rely on the author’s determination of what the appropriate clustering scheme is for
standard errors. Second, the restriction that a pre-period be normalized to zero primarily
rules out a handful of papers employing a more traditional finance event-study, which exam-
ines the time-series of cumulative abnormal return around some event of interest. The final
constraint eliminated a handful of papers in which the authors recognize that the pre-trends
do not appear to be flat, and either subsequently add time-varying controls or suggest a
non-causal interpretation.

Twelve papers contained event-study plots that matched all of the above criteria. Some

of these papers present multiple event-study plots, many of which show robustness checks or

8] also omit one paper in which the replication code produced different results from the published paper.
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heterogeneity analyses. I focus here on the first plot presented in the paper that meet the
criteria above, which I view as a reasonable proxy for paper’s main specification.

Two caveats are in order with regards to the sample of papers considered here. First, my
sample by construction only includes papers that made it through the publication process at
leading economics journals. To the extent that papers with insignificant pre-trends are more
likely to be published, the sample may be biased towards papers where the power of pre-tests
is low. Second, several papers in my sample use dynamic two-way fixed effects specifications
in settings with staggered treatment timing. As discussed in Remark 2, pre-testing for values
of d,, # 0 has a sensible interpretation only under certain homogeneity assumptions about
the dynamic path of treatment effects. For the remainder of the section, I suppose that the
authors are willing to impose some homogeneity assumptions such that the pre-testing step
using their baseline specification is sensible. I then evaluate the power of common pre-tests
and distributions of conventional estimates in data-generating processes calibrated to these

specifications.

4.2 What pre-tests are researchers using?

It is not entirely clear in practice what criteria researchers are using to evaluate pre-trends.
By far the most commonly mentioned criterion is that none of the pre-period coefficients is
individually statistically significant — e.g. “the estimated coefficients of the leads of treat-
ments, i.e., d for all & < —2 are statistically indifferent from zero” (He and Wang, 2017).
However, many papers do not specify the exact criteria that they are using to evaluate
pre-trends. Moreover, it is clear that a statistically significant pre-period coefficient does
not necessarily preclude publication. As shown in Table 2, there is at least one statistically
significant pre-period coefficient in three of the 12 papers in my final sample, and in two

papers the pre-period coefficients are also jointly significant.’

4.3 Evaluating power and pre-test bias in practice
I now evaluate the power of conventional pre-tests and the distortions from pre-testing in

data-generating processes calibrated to my survey of recent papers.

Data-generating processes. [ calibrate the finite-sample normal model (5) by setting

Y) to be the estimated variance-covariance matrix from the specification reported by the

9In none of the papers is the slope of the best-fit line through the pre-period coefficients significant at
the 5% level. However, no paper mentions this as a criterion of interest, and one case falls just short of
significance with a t-statistic of 1.95.
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Paper # Pre-periods # Significant Max [t| Joint p-value |t| for slope

Bailey and Goodman-Bacon (2015) 5 0 1.674 0.540 0.381
Bosch and Campos-Vazquez (2014) 11 2 2.357 0.137 0.446
Deryugina (2017) 4 0 1.090 0.451 1.559
Deschenes et al. (2017) 5 1 2.238 0.014 0.239
Fitzpatrick and Lovenheim (2014) 3 0 0.774 0.705 0.971
Gallagher (2014) 10 0 1.542 0.166 0.855

He and Wang (2017) 3 0 0.884 0.808 0.720
Kuziemko et al. (2018) 2 0 0.474 0.825 0.474
Lafortune et al. (2017) 5 0 1.382 0.522 1.390
Markevich and Zhuravskaya (2018) 3 0 0.850 0.591 0.676
Tewari (2014) 10 0 1.061 0.948 0.198

Ujhelyi (2014) 4 1 2.371 0.003 1.954

Table 2: Summary of Pre-period Event Study Coefficients

Note: This table provides information about the pre-period event-study coefficients in the papers reviewed.
The table shows the number of pre-periods in the event-study, the fraction of the pre-period coefficients that
are significant at the 95% level, the maximum t-stat among those coefficients, the p-value for a chi-squared
test of joint significance, and the t-stat for the slope of the linear trend through the pre-period coefficients.
See Section 4 for more detail on the sample of papers reviewed.

authors, using whatever clustering method was specified by the authors. Using the finite-
sample normal DGP suppresses any complications arising from non-normality of the OLS
estimates or difficulties with estimating ¥ in finite sample, and thus focuses attention solely

on the issues related to pre-testing for violations of parallel trends.

Power calculations. For each study in my sample, I evaluate the power of common
pre-trends tests to detect linear violations of parallel trends. In light of the emphasis in
published work on the individual statistical significance of the pre-period coefficients, I base
my calculations on pre-tests using this criterion (using 95% CIs). Specifically, I consider
linear violations of parallel trends with a slope of 7 — that is, the element of § corresponding
with period ¢ is 9; = v -t. I then compute the value of v for which the probability of passing
the pre-test, P (ﬂAp,«e € BN15>, is equal to 50 or 80 percent. I choose 80 percent since this
is often used as a benchmark for an acceptable degree of power in power analyses (Cohen,
1988). I refer to the resulting values, o5 and 7gs, as the slopes against which we have 50

or 80 percent power.’

10The power of the pre-test under a slope v could easily be calculated via simulation. However, under
the normality assumption, these probabilities can actually be calculated analytically using the formulas of
Manjunath and Wilhelm (2012), which I implement using the R package tmvtnorm.
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Focusing on linear violations of parallel trends is a reasonable benchmark for several
reasons. First, when researchers are worried about possible violations of parallel trends, they
frequently control parametrically for linear differential trends (e.g., Wolfers (2006); Dobkin
et al. (2018); Goodman-Bacon (2018)), which indicates that authors perceive linear violations
of parallel trends to be reasonable in many cases. In other cases, researchers may not be
confident that the linear functional form is correct — which is perhaps why they do not include
parametric linear controls — but they may nonetheless be worried about secular differences
in trends that evolve smoothly over time. Focusing on the performance of conventional pre-
tests under linear violations of parallel trends thus gives a lower bound on the worst-case
performance of pre-tests over smooth classes of violations that include linear trends. For
instance, a common way to parameterize the smoothness of a (discrete) curve is via bounds
on (the disrete analog of) its second derivative, otherwise known as a second-order Holder
class (e.g., Armstrong and Kolesar (2018); Kolesar and Rothe (2018); Rambachan and Roth
(2019)). Since linear functions are included in any second-order Holder class, the results in
this section can alternatively be viewed as a lower-bound on the worst-case performance of
the pre-testing method over these classes of smoothly-evolving differences in trends. These
calculations likewise provide a lower bound on the worst-case performance over the class of
polynomial violations.

Nonetheless, linear violations of parallel trends will not be an appropriate benchmark in
all cases. In Appendix D, I conduct a similar exercise under data-generating processes in
which there are differential stochastic shocks to the treated and control groups. I again find
poor performance of standard pre-testing methods in controlling size distortions from the

differential trends.

Bias and size calculations. I evaluate the performance of conventional estimators and
CIs under data-generating processes with linear violations of parallel trends with slopes g 5
or vp.s. I focus on estimation and inference for two scalar causal estimands, the first period
treatment effect 7, and the average treatment effect across the post-treatment periods,
T = % (T14...+7ar). Note that both of these estimands can be written as linear combinations
of the vector of treatment effects, 7. = '7p5. I therefore evaluate the performance of the
estimator 7, = [’ Bpost, as well as the 95% confidence interval, C'I., = 7, & 1.960,,, where
o =1l

Specifically, I calculate the unconditional bias E [7, — 7], and the bias conditional on pass-
ing the pre-test E |7, — 7 | ﬂApre € By 15] . Note that the unconditional bias for 7; is merely =,
whereas the unconditional bias for 7 is %(’y—i— ...+ M~). T compute the conditional bias using

the formula in Proposition 3.1, making use of the results in Manjunath and Wilhelm (2012)
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to calculate the expectation of the multivariate truncated normal analytically. Likewise, I
compute the size (i.e. null rejection probability) of CI,, both unconditionally and condi-
tionally, P (7. ¢ CI,,) and P (7. € CL,,

analytically using the tmtvnorm package in R, which implements results on the marginal

Byre € Bnis).'! These probabilities are calculated
distribution of truncated normals from Cartinhour (1990)."?

Results. 1 find that the magnitude of the violations of parallel trends against which we
have 50 and 80 percent power can be sizable relative to the magnitude of the estimated
treatment effect. Figure 4 plots in green the magnitude of the unconditional bias for 7 under
the linear violations of parallel trends against which we have 80% power (795). The bias
from such trends is often of a magnitude comparable to, and in some cases larger than,
the estimated treatment effect. Appendix Figure D2 shows the equivalent results for the
trends against which we have 50 percent power (75); even at the lower power threshold,
the biases are of a comparable magnitude to the estimated treatment effects in several cases.
Appendix Figures D3 and D4 present the analogous results when the estimand is the first
period treatment effect (71); the patterns are similar although a bit less extreme. This is
intuitive, given that the bias from a linear trend grows over time, and we would thus expect
it to be larger for later periods.

I likewise find that the bias conditional on passing the pre-test can substantially differ
from the unconditional bias, and is worse in most cases. Figure 4 plots in red the conditional
bias for 7. I also summarize the additional bias from pre-testing as a percentage of the
unconditional bias in Table 3. For the trend against which we have 50 percent power, the
pre-test bias can be as much as 103 percent of the bias from the trend for the first period after
treatment, and as much as 48 percent for the average of the post-periods.'® The analogous
values are even larger when looking at the trend against which we have 80 percent power.
Moreover, the pre-test bias and the bias from trend go in the same direction in all but two
of the studies in the sample when the estimand is 7, and all but three of the studies when
it is 7y. Thus, although not always true, the prediction of the direction of the bias from the
homoskedastic case holds in most cases I consider.

I also find that traditional Cls perform poorly under these violations of parallel trends

I Note that both the estimates and confidence intervals are equivariant in Tpost, SO that the bias and
coverage probabilities do not depend on the true value of the treatment effect. 7,5 thus does not need to
be specified in our calibrations.

12T have verified that calculating both the bias and size results via simulation yields similar results to the
analytic formulas discussed above.

13We expect the bias from pre-testing to be a larger fraction of the bias from the trend in periods closer
to treatment, since the bias from the trend grows linearly in the number of periods after treatment, whereas
the pre-test bias need not grow over time (whether it does depends on the covariance between the pre-period
and post-period coefficients).
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that conventional pre-tests are marginally powered to detect. Table 4 shows the probability
that a 95% confidence interval for 7 fails to include the true value of the parameter. Although
the true parameter should nominally fall outside the confidence interval no more than 5% of
the time, for many of the specifications the null rejection rate is over 50%. Table D1 shows
the analogous results when the estimand is the first period after treatment. Although less

extreme, null rejection probabilities again often substantially exceed their nominal levels.
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Treatment Effect:
1st Period All Periods
Slope of differential trend:

Paper Y05 0.8 Tos 0.8
Bailey and Goodman-Bacon (2015) 51 56 1 2
Bosch and Campos-Vazquez (2014) -29  -34  -25 -29
Deryugina (2017) 103 120 30 35
Deschenes et al. (2017) 88 119 48 64
Fitzpatrick and Lovenheim (2014) 25 30 12 15
Gallagher (2014) 57 62 11 14
He and Wang (2017) 29 34 1 13
Kuziemko et al. (2018) -16 - -20 -9 -11
Lafortune et al. (2017) -9 -10 5 5
Markevich and Zhuravskaya (2018) 52 62 13 15
Tewari (2014) 90 102 19 21
Ujhelyi (2014) 51 59 15 18

Table 3: Percent Additional Bias Conditional on Passing Pre-test

Note: This table shows the additional bias from conditioning on none of the pre-period co-

efficients being statistically significant as a percentage of the unconditional bias, i.e. 100 -
Conditional Bias — Unconditional Bias

— - Biases are calculated under linear violations of parallel trends
Unconditional Bias

with slopes vp.5 and .8, against which conventional pre-tests have 50 or 80% power.
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Conditional on passing pre-test?
No Yes
Slope of differential trend:
705 70.8 705 0.8
Bailey and Goodman-Bacon (2015)  0.61 094  0.62  0.95
Bosch and Campos-Vazquez (2014) 049  0.86  0.28  0.61

Deryugina (2017) 049 084 0.75  1.00
Deschenes et al. (2017) 0.09 014 010 0.25
Fitzpatrick and Lovenheim (2014) 041 075 050  0.87
Gallagher (2014) 0.19 044 022 054
He and Wang (2017) 054 088 0.63 095
Kuziemko et al. (2018) 028 053 020 042
Lafortune et al. (2017) 0.71 0.98 0.76 0.99
Markevich and Zhuravskaya (2018) 0.76 098 0.87  1.00
Tewari (2014) 020 055 025 0.72
Ujhelyi (2014) 0.29 0.60 0.36 0.76

Table 4: Null Rejection Probabilities for Nominal 5% Test of Average Treatment Effect
Under Linear Trends Against Which We Have 50 or 80% Power

Note: This table shows null rejection probabilities for nominal 5% significant level tests using data-generating
processes under which there are linear violations of parallel trends that conventional pre-tests would detect
50 or 80% of the time (795 and vp.g). The first two columns show unconditional null rejection probabilities,
whereas the latter two columns condition on passing the pre-test. The estimand is the average of the
post-treatment causal effects, 7.
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5 Alternative Approaches

In light of the issues highlighted with the common approach of pre-testing for pre-trends,
this section discusses alternative approaches to estimation and inference in settings where
we are concerned that parallel trends may be violated. Each of these methods can be viewed
as imposing different restrictions on the way that parallel trends may be violated. The
appropriate method will therefore depend on which assumptions are reasonable in a given
context. I first discuss each of the methods, and provide recommendations for choosing

between them in Section 5.3.

5.1 Parametric Approaches

I first consider parametric approaches, which impose particular functional form restrictions
on the way that parallel trends can be violated. Extrapolations of pre-treatment data can
then be used to estimate the counterfactual post-treatment difference in trends, thus remov-
ing the bias in conventional estimates. One common approach in the literature is to assume
linearity of the differential trend (e.g., Wolfers (2006); Dobkin et al. (2018); Goodman-Bacon
(2018)). That is, we assume that d; = t X Myd,,.., where My = (¢'t)~'t' is the matrix that
projects the pre-period coefficients onto a linear time trend t = (— K, ..., —1). Under this as-
sumption, 7, = B —t X MpByre, and it is thus straightforward to do estimation and inference
using the sample analog, 7, = Bt —t X MTBpre, with standard errors calculated via the delta
method.'* An advantage of this approach is that it provides valid causal estimates without
pre-testing, provided that the functional form restriction is correct.

Under the appropriate functional form restrictions, the simple method discussed so far
yields valid causal estimates from an ex ante sampling perspective. However, it does not
yield valid causal estimates conditional on passing a pre-test. For instance, it is clear from
Figure 2 that extrapolating a linear trend in the DGP considered in Section 2.2 would
yield valid causal estimates unconditionally, but fail to properly control for the pre-trends
conditional on passing the pre-test. Standard parametric methods are thus not well-suited
for retrospective analysis, i.e. evaluating previously published studies, if we think that these
were selected on the basis of pre-trends tests. In Appendix B, I show that parametric
methods can be adapted to obtain estimates and Cls with good properties conditional on

passing a pre-test (or model selection on the basis of pre-trends), provided that we know the

14We consider here the approach where one first estimates a usual “event-study” specification and then
projects out a linear trend fitted to the estimated coefficients. A closely related approach directly estimates
a version of equation (2) that includes an interaction of treatment status with time. The two approaches are
identical in the balanced panel, non-staggered treatment timing difference-in-differences case. See Goodman-
Bacon (2019, Supplement, p.20) for additional discussion regarding the staggered case.
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pre-testing rule. By adapting publication-bias corrections from Andrews and Kasy (2019), I
provide median-unbiased estimates and Cls that are valid after pre-testing under parametric
functional form restrictions on the difference in trends. These adapted methods are thus
suitable for parametric, retrospective analyses of published studies that relied on pre-trends
testing.

An issue with the parametric approach, however, is that we are often unsure of the correct
functional form for the difference in trends (Wolfers, 2006; Lee and Solon, 2011). To address
this, researchers sometimes report specifications using different functional forms, e.g. linear
and quadratic specifications. This, in my view, is an improvement upon the status quo of
relying only on the significance of pre-trends tests, as results that do not survive a simple
linear or quadratic adjustment, despite an insignificant pre-trend, should rightly be viewed
with caution. Nonetheless, this approach is a bit unsatisfying from a theoretical perspective,

as we usually do not believe that either a linear or quadratic extrapolation is exactly correct.

5.2 Alternative relaxations of the parallel trends assumption

In light of this, we now turn our attention to alternative approaches that relax the exact
parallel trends assumption without taking as strong a stance on the functional form of
possible violations of parallel trends.

One such approach is that of Freyaldenhoven et al. (2019). Their approach allows for their
to be differential trends in an outcome y;;, so long as i) differences in trends in y;; are driven by
some unobserved factors 7, that affect both y;; and treatment status D;;, and ii) there exists
an alternative outcome x;;, which is assumed to also be affected by n;; (possibly with different
factor loadings) but is unaffected by the treatment. In a minimum wage context, y could
be youth employment, D an indicator for whether the minimum wage was raised, x adult
employment (which is plausibly unaffected by the minimum wage), and 7 factors related to
local labor demand. Freyaldenhoven et al. (2019) show that under these assumptions (and
certain other technical conditions), the causal effect of the treatment is point identified, and
it can be consistently estimated via GMM. An advantage of this approach is that it allows
for complicated forms of pre-trends that cannot be represented by a simple functional form.
A challenge is that it is often difficult to determine an appropriate excluded outcome.

Rambachan and Roth (2019) provide an alternative approach to robust inference that
attempts to formalize many of the implicit intuitions behind pre-trends testing. They pro-
vide methods for inference on components of 7 under the assumption that the difference in
trends ¢ lies in some pre-specified class A. They propose as a default classes A that impose

smoothness restrictions on the possible difference in trends, e.g. bounds on (the discrete ana-
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log of) the second derivative.'® This formalizes the intuition behind pre-trends testing that
the pre-treatment differences are informative about the counterfactual post-treatment differ-
ences in trends, since without such a smoothness restriction, the difference in trends could be
arbitrarily “jumpy,” and thus values of 6,,. close to 0 would provide little information about
the post-treatment bias 0p,s:. The parametric linear specifications discussed above can be
viewed as a special case of a smoothness restriction in which we impose that the differences
in trends are exactly linear. Rambachan and Roth (2019) recommend conducting sensitivity
analysis with respect to the allowed degree of non-linearity in the differential trends, an
exercise which enables the researcher to make precise what needs to be assumed about the
possible differences in trends in order to draw particular conclusions. Their framework also
allows researcher to incorporate sign and shape restrictions, such as monotonicity, that may
be motivated by context-specific knowledge.

An advantage of the approaches of Freyaldenhoven et al. (2019) and Rambachan and
Roth (2019) is that they provide uniformly valid inference under certain restrictions about
the way in which parallel trends may be violated. Under these restrictions, we can therefore
obtain valid causal inference without conducting pre-tests, thus avoiding the issues with
pre-testing discussed in this paper.

A disadvantage of the approaches of Freyaldenhoven et al. (2019) and Rambachan and
Roth (2019) is that both provide valid inference only from an ex ante sampling perspective,
and not conditional on passing a pre-test. Thus, while both are valuable for prospective
analyses, they cannot currently be used for retrospective analysis of work that has already
been screened for pre-existing trends. An interesting question for future research is the
extent to which these procedures can be modified to obtain valid inference following a pre-
test, analogous to the modifications discussed above and in Appendix B for the parametric

approach.

5.3 Recommendations

Given the issues with pre-testing discussed in this paper, I strongly recommend against rely-
ing solely on tests for pre-trends in contexts in which there is concern that the parallel trends
assumptions may be violated. Depending on the context and assumptions the researcher is
willing to impose, each of the three alternative approaches discussed above may be reason-

able. The parametric approach is a sensible option in settings where researchers have a strong

15A closely related predecessor to Rambachan and Roth (2019) is Manski and Pepper (2018), who consider
how the identified set of parameters changes under different assumptions about how parallel trends is violated.
In contrast to Rambachan and Roth (2019), however, they do not formally consider incorporating information
from pre-trends or conducting inference.
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view about the relevant functional form of a violation of parallel trends. When combined
with the corrections discussed in Appendix B, it is also currently the only viable method
to obtain valid estimation and inference for retrospective analyses of papers that have been
screened on the basis of pre-trends. Likewise, in settings where the researcher does not have
a strong prior about the functional form restriction, but does know of an excluded outcome
affected by the same confounds, the approach of Freyaldenhoven et al. (2019) is sensible.
Finally, I recommend the sensitivity analysis described in Rambachan and Roth (2019) for
settings where the researcher has neither a strong prior on the functional form of differential
trends or an excluded outcome.

Regardless of the exact method, I urge researchers to bring economic knowledge to bear
in evaluating the assumptions necessary to obtain valid causal inference. To be valid, each
of these alternative methods requires a particular set of assumptions on how parallel trends
can potentially be violated. Bringing economic knowledge to bear on how parallel trends
may be violated, and thus the plausibility of these assumptions, will yield stronger, more
credible inferences than relying on the statistical significance of pre-trends tests alone. This
argument echoes the sentiment of Kahn-Lang and Lang (2018), who encourage researchers

to consider the economic content of the parallel trends assumption.

6 Conclusion

This paper illustrates the limitations of tests for pre-trends, which are common in applied
work. I show both theoretically and in simulations based on a survey of recent papers
that pre-trends testing may be ineffective in guarding against potential violations of parallel
trends, both because power may be low and because of distortions in the distribution of
conventional estimates from pre-testing. I discuss alternative econometric approaches for
settings where there is concern that parallel trends may be violated. I encourage researchers
to be transparent about their assumptions about how parallel trends may be violated, and

to use economic knowledge to evaluate the content of these assumptions.
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This supplement contains proofs and additional results for the paper “Pre-test with Cau-
tion: Event-study Estimates After Testing for Parallel Trends.” Section A provides proofs
for the results in the main text. Section B introduces corrections to parametric approaches
that have good properties conditional on surviving a test for pre-trends. Section C states
and proves asymptotic results. Section D provides additional simulation results in which the
treatment and control group receive stochastic common shocks. Finally, Section E contains

additional figures.

A Proofs for Results in the Main Text

This section collects proofs for the results in the main text, as well as some auxiliary lemmas.

We begin with a lemma, which will be useful in the following proofs.
Lemma A.1. Let Bpost = Bpost — 21222_21@@»6. Then 51005,5 and Bpre are independent.

Proof. Note that by assumption, Bpost and Bpre are jointly normal. Since Bpm is a linear
combination of Bpost and Bp,.e, it follows that Bme and Bpost are jointly normal. It thus

suffices to show that Bpre and Bpost are uncorrelated. We have

Cov (e B ) =B (B = ) (s = o) = D235 G = )|
- Z,12 - 22222_212/12
—0

which completes the proof.
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Proof of Proposition 3.1 Note that by construction, Bpost = Bp08t+21222_21 Bpre. It follows
that

E [ Byost | Byre € B] = E [Byost | Byre € B + 155 E By | Byre € B
=E :Bpost} + 3105 E [Bpre | Byre € B}
—E Byt = Z12%3 Byre| + Z13Z5E | Byre | Byre € B
= Bront = Z1255 Bpre + 1355 E [ B | Byre € B

= Bpost + Z1222_21 (E |:/Bp7‘e | Bpre € Bi| - ﬁpre)

where the second line uses the independence of Bpgst and Bpre from Lemma A.1, and the third
and fourth use the definition of Bpost, Bpost, and Bpre. Since Bpost = Tpost + Opost Dy definition,
the result follows. [J

Definition 1 (Symmetric Truncation About 0). We say that B C R¥X is a symmetric
truncation around 0 if g € B iff -5 € B.

Lemma A.2. Suppose Y ~ N (0, X) is a K-dimensional multivariate normal, and B is a
symmetric truncation around 0. Then E[Y |Y € B] = 0.

Proof. Note that if Y ~ A (0, X), then —Y is also distributed N (0, ). Using this, combined
with the fact that (—=Y) € B iff Y € B by assumption, we have

E[Y|Y € B|=E[-Y |(-Y) € B
—E[-Y|Y € B]
= -E[Y|Y € B],

which implies that E[Y |Y € B] = 0.
[l

Proof of Corollary 3.1 From Proposition 3.1, it suffices to show that [Bpre | Bpre € B] —

Bpre = 0. However, B, = 0 by the assumption of parallel trends, and E [Bpre | Bpre € B] =0
by Lemma A.2. [

We now prove a series of Lemmas leading up to the proof of Proposition 3.2.
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Lemma A.3. Suppose Y is a k-dimensional multivariate normal, Y ~ N (u, X), and let
B C R* be a convex set such that P (Y € B) > 0. Letting D,, denote the Jacobian operator

with respect to pu, we have
1. D.EY|Y € B,y =Var[Y|Y € B, X1
2. Var[Y |Y € B| — X is negative semi-definite.

Proof.'6

Define the function H : R¥ — R by
H(p) = / Py — p)dy
B

for ¢x(z) = (27r)’§det(E)’%e;Ep(—%x’E_lx) the PDF of the NV (0, X) distribution. We now
argue that H is log-concave in p. Note that we can write H(u) = [pr 1(y, 1t)g2(y, ) dy for
g1(y,p) = és(y — p) and go(y, ) = 1[y € B]. The normal PDF is log-concave, and g¢; is
the composition of the normal PDF with a linear function, and hence log-concave as well.
Likewise, g9 is log-concave since B is a convex set. The product of log-concave functions
is log-concave, and the marginalization of a log-concave function with respect to one of its
arguments is log-concave by Prekopa’s theorem (see, e.g. Theorem 3.3 in Saumard and
Wellner (2014)), from which it follows that H is log-concave in p.

Now, applying Leibniz’s rule and the chain rule, we have that the 1 x k£ gradient of log H

with respect to u is equal to

[ Duds(y — p)dy

[z ¢s(y — w)dy
 fyos(y— )y — pystdy
a [z b=y — p)dy
—(E[Y|Y € B] - )"

D,log H =

where the second line takes the derivative of the normal PDF, D, ¢s(y — 1) = ¢s(y — u) -
(y — p)’>71, and the third uses the definition of the conditional expectation. It follows that

E[Y|Y € B,u] =u+X(D,log H)".

16T am grateful to Alecos Papadopolous, whose answer on StackOverflow to a related question inspired
this proof.
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Differentiating again with respect to i, we have that the kx k Jacobian of E[Y | Y € B, y

with respect to p is given by

E[Y|Y € B,y] =1 +XD,(D,log HY"

(8)

Since H is log-concave, D, (D, log H)" is the Hessian of a concave function, and thus is

negative semi-definite. Next, note that by definition,

MYWGBMFf%ﬁiglﬁf.

Thus, applying Leibniz’s rule again along with the product rule,

D —p)d
E[Y|Y € B, :fB}J gb“qé;(?j M)i?y y
B ¥E

{/mwu@} U@y“ﬂ{

Recall that

Dyugs(y —p) = osly —p) - (y — p)S7"

The first term on the right-hand side of (9) thus becomes

Joy(y — ) és(y — ) dy

[ by — p)dy -

EYY'|Y €B,ul—E[Y|Y € B,pu) /) 57"

Applying the chain-rule, the second term on the right-hand side of (9) becomes

Jpydsly—wdy- [5ly—p) dsy — u)dy

[ by — 1) dy]”

(-E[Y |Y € BuE[Y |Y € B,y +E[Y|Y € B,y p) 57

Substituting the expressions in the previous two displays back into (9), we have
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DEY|Y €B = E[YY|YEBu-E[Y|Y€eBUEY|Y B pu)n
=Var[Y |Y € B, u] 71, (10)

which establishes the first result. Additionally, combining (8) and (10), we have that

Var [Y‘Y S B,/L] Eil :I“‘ZDM(DMIOgH)/? (11)

which implies that

Var[Y|Y € B,u| - =X D,(D,log H) %. (12)

Thus, for any vector z € R¥,

f(Var[Y|YeBu—X)e=2"(ED,(D,logH)' ) x
= (32)" (Dy(Dylog H)') (Xx)
<0

where the inequality follows from the fact that D,(D, log H)' is negative semi-definite. Since
Var[Y |Y € B, u] — X is symmetric, it follows that it is negative semi-definite, as we desired
to show. U

Lemma A.4. Suppose that ¥ satisfies Assumption 1. Then for v the vector of ones and

some c1 > 0, /Sy = c1t’. Additionally, Y1555, = cot/, for a constant cy > 0.

Proof. First, note that if K = 1, then X5 and Y5, are each positive scalars, and the result
follows trivially. For the remainder of the proof, we therefore consider K > 1. Note that
we can write Yoo = A + put/, where A = (02 — p)I. It follows from the Sherman-Morrison

formula that:

271 _ Afl B pQA_lbblA_l
22 14 p2/A 1
_ (0_2 . p)_ll _ p2(02 — p)_2LL,

1 +p2(0-2 _ p)flL/L'
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Thus:

pi(o® —p)~*u! )

/¥ =
14202 —p)

J ((02 —p)
2( 2 —1,
) Po® = p) M
(0" =p)7 (1= 2(52 _ \—1,/ V=
L4 p*(0® = p)~ti

1
2 -1 /
o ()

=c

Since 02 — p > 0, all of the terms in ¢; are positive, and thus ¢; > 0, as needed. Finally,
note that Assumption 1 implies that Y15 = pi/. It follows that ¥1535, = peit’ = cpt! for
co = pcp > 0.

O

Lemma A.5. Suppose Y ~ N (0,%) is K-dimensional normal, with ¥ satisfying the require-
ments on Yoo imposed by Assumption 1. Let B = {y € R¥ |a; <y < b; for all j}, where
—b; < a; < bj forallj. Then for. the vector of ones, E['Y |Y € Bj=E[Y1+...+Y,|Y € B]

1s elementwise greater than 0.

Proof. For any x € R such that z; < b; for all j, define BX(z) = {y € RF |z; <y <
b; for all j}. Let b= (by,...,bx). Note that B*(—b) is a symmetric rectangular truncation
around 0, so from Lemma A.2, we have that E [Y | Y € B¥(—b)] = 0. Now, define

g(z) =E[/Y|Y € B¥(2)] .

From the argument above, we have that g(—b) = 0, and we wish to show that g(a) > 0. By

the mean-value theorem, for some ¢ € (0, 1),

9(a) = g(=b) + (a = (b)) Vg (ta + (1 = 1)(=b))
= (a+b)Vg (ta+ (1 —1t)(-b))

=t (a+b)Vg(a').
By assumption, (a + b) is elementwise greater than 0. It thus suffices to show that all
a t
elements of Vg (2') are positive. Without loss of generality, we show that M > 0.
TK

41



Using the definition of the conditional expectation and Leibniz’s rule, we have

Og(a*) _
(9.%'[(

" i b1 br -1
81’[( </ / (y1+ .- +yk) ¢s(y) dyi .. d?/K) (/t a o5 (y) dyldy](> _

b1 bk b1 br—1 Yok
/ / (y1+-..+yx) ¢x(y) dy1 ... dyk ¥ / / L dyr ... dyrx—1
whe K

b1 br-1 Yok b1 bx
/ / (y1 + . +yx—1 +7k) o5 ; dyy...dyx—1 % / ¢s(y) dyr ..
J»‘ SCK ot t

1 Tk

by bx -
X(/t o ¢2(y)dy1---dyf(> (13)

where ¢x(y) denotes the PDF of a multivariate normal with mean 0 and variance ¥, and
dg(x")

> 0 if and only if
ox K

the second line uses the quotient rule. It follows from (13) that

S L+t i) ds(y) dys - dyse
f;l' f;{ ¢E(y) dyi ... dyk

f;tl fbK "+ yk—1 +2) o (( y_tK )) dyy ... dyx_1

T

- Y-
f;{ff’}}: b (( x; )) dyi ... dyg_1

>

or equivalently,

E[Yi+. ... +Yg|ah <Y;<b;Vj| >E[Yi+...+ Vi |2} <Y; <by, for j < K, Vi = 2] .

It is clear that E [V |2} <Y} < b;,Vj] > al, since of < bx and the K'th marginal density
of the rectangularly-truncated normal distribution is positive for all values in [z%, bx] (see
Cartinhour (1990)). This completes the proof for the case where K = 1. For K > 1, it

suffices to show that
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E[Yy+ ..+ Yi 1|2t <Y <b Vi > E[Yi4 ..+ Y |2t <Y <by, for j < K, Y = a%] .
(14)

To see why (14) holds, let Y =Y j— E_KKZI_{}KYK, where a “— K" subscript denotes
all of the indices except for K. By an argument analogous to that in the Proof of Lemma
A.1 for Bpost, one can easily verify that Y_x is independent of Yx and Y_x ~ N (O, i)
for & = Yo K-k — E_KﬁKE;(’lKEK,_K. By construction, Y_x = ?_K + E_K,KE;(}KYK, from
which it follows that

Yog | Yk =y ~ N <E—K,KZ;(,1K:UK7 i) :

We now argue that E_KVKE;{?KyK = cyg ¢ for a positive constant c. If K = 2, then by
Assumption 1, 3_ KVKZ;(’IK = p/o? is the product of two positive scalars, and can thus be
trivially written as ct. For K > 2, we verify that Y meets the requirements that Assumption
1 places on Y5y, and then apply Lemma A.4 to obtain the desired result. To do this, note

2

that by Assumption 1, 3 has common terms ¢“ on the diagonal and p on the off-diagonal,

and thus the same holds for ¥_g k. Additionally, under Assumption 1, ¥_x g = pt and
ZI}}K = 5, 80 E,KKE;{}KEK,,K equals p?/o? times «/, the matrix of ones. The diagonal
terms of Y = Y Kk-K — Z_K,KZ}}KZK,_K are thus equal to 62 = 02 — p?/o?, and the
off-diagonal terms are equal to p = p — p?/0?, or equivalently p = p(1 — p/c?). Since by
Assumption 1, 0 < p < o2, it is clear that 6> > p. Additionally, 0 < p < o2 implies that
1 —p/o? > 0, and hence p > 0, which completes the proof that S satisfies the requirements
of Assumption 1 for YX»,. Hence, Z_KﬁKZI_(’leK = cyg t by Lemma A.4. We can therefore

write

Y—K|YK:yKNN<CyKL7 fJ).
Let h(p) =E | X|X € BLg, X ~ N (u, i)} for By = {z € RF!ah < Z; <y, for j =

1,..., K—1}. Then the previous display implies E [L’Y_K |2t <Y < b for j < K, Y = yK} =
!'h(cykt). Hence,
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0
8_E [L’Y,K\xz- <Y, <bjforj< K, Yx = yK] =1 (Dyh|yzcysd) L - €
YK
= /Var[Y_g | Yok € B_g, Yi = yx] X" \ie
=/Var|Y_g|Y_k € B_g, Yk = yx] tc1c

>0

where the second line follows from Lemma A.3; the third line uses Lemma A.4 to obtain
that X712 = ¢, for ¢; > 0 (if K = 2, this holds trivially); and the inequality follows from the
fact that Var [Y_ | Y_x € B_g, Yk = yk| is positive semi-definite and ¢; and ¢ are positive

by construction. Thus, for all yx € [2t, by],

IE[Y1+—|—YK,1]3:§SYJSb]forj<K,YK:yK} >
E[Yi—l—+YK,1’$§§Y3Sb]fOI'j<K,YKI£L'Z}

By the law of iterated expectations, we have

E[Yi+.. . 4+Yg1|2f <Y; <b;,Vj] =

E[E[Yi+...+Yk1|ah <Y; <bjfor j < K, Y| |2l <Y; <b;,Vj] >
]E[E[Yl—i—...%—YK,l\x;gY}gbj forj<K,YK:x§<] ]ng}/}gbj,‘v’j]:
E|

Y1+...—|—YK_1|x§-§Yj§bjforj<K,YK:xH,

as we wished to show.
O

Proof of Proposition 3.2 From Proposition 3.1, the desired result is equivalent to show-
ing that
Y1985 E [ﬁpre — Bore | Bpre € B] > 0.

By Lemma A 4, ¥1,355 = ¢t/ for ¢; > 0, so it suffices to show that //F [Bpm — Bpre | Bpre € B]
is elementwise greater than zero. Note that by assumption (Bpre — Bpre) ~ N (0, 3a9).
Additionally, observe that Bpre € Byig = {Bp,,e : |Bpre7j| / \/Z_” < ¢, for all 5} iff (Bpre -
Bpre) € Byrs = {8 : a; < B; < b} for a; = —Car/Zjj = Bprej and bj = car/Sj; — Byre.j-

Since B, ; < 0 for all j, we have that —b; < a; < b; for all j. The result then follows
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immediately from Lemma A.5.
Proof of Proposition 3.3 Note that since Bpost = Bpost + 21222_21 Bpre, for any set S,

Var [Bpost ‘ Bpre S S} = Val‘ Bpost | Bpre < S] + Var [21222_21517% | Bpre < S}
+ 2 Cov (Bpost ) E1222_21/6177""3 | /épre € S)

= Var Bpost} + Var [21222’21@#6 | Bpm € S} , (15)

where we use the independence of Bpost and Bpre from Lemma A.1 to obtain that Var [Bpgst | Bpre € B| =

Var [Bpost] and that the covariance term equals 0. Applying equation (15) for S = B and

for S = R¥, and then taking the difference between the two, we have

Var [Bpost’épre € B] — Var [Bpost] = Var [21222_213177‘8 | Bpre € Bi| — Var [21222_213127‘6}

= (S023) (Var |Byre| Bpre € B| = Var |B,.] ) (2122
which gives the desired result.

Proof of Proposition 3.4 By Proposition 3.3, it suffices to show that
(Z122§21) (Var [Bpm | Bpre € B} — Var [BPWD (21222—21)/ <0.

The result then follows immediately from the fact that Var [Bpre | Bpre € B} — Var [Bpre] is
negative semi-definite by Lemma A.3. [J

B Pre-test Corrected Parametric Approaches

Section 5.1 discusses how, under functional form restrictions about the possible violations of
parallel trends, one can obtain estimates and Cls that have good properties from an ex ante
sampling perspective. However, even if the imposed functional form restrictions are correct,
these parametric specifications will not yield unbiased point estimates or Cls with correct
coverage conditional on surviving a pre-test for parallel trends. Given how common these
pre-tests are under the status quo, for retrospective analyses of published papers we may

wish to obtain estimates with good properties conditional on surviving a pre-test.
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In this section I develop methods which, under the same functional form restrictions
as standard parametric approaches, deliver median-unbiased estimates and valid Cls con-
ditional on passing a pre-test for pre-trends. In particular, I discuss the construction of
a median-unbiased estimator and Cls for a scalar parameter of the form 7* = /[, where
B = (Bpre, Bpost) and 1 is a vector of the appropriate length. This allows for estimating causal
effects under a variety of functional form assumptions about the difference in trends. For
instance, in Section 5.1, we showed that under a linearity assumption about the possible dif-
ferences in trends, we could write 7 = 8; —t X My 3y, where My is the matrix that projects
Bpre onto a linear time trend. We could likewise accommodate other types of functional form
restrictions by projecting 3,,. onto different functions of time, e.g. higher-order polynomials
or sinusoidal functions.

I begin with a derivation of median-unbiased estimates and CIs that are valid conditional
on surviving a pre-test for a fixed specification. I then show that the results can be extended
to cases where the researcher searches over multiple specifications — e.g. with different sets of
control variables or focusing on different subpopulations — and selects the final specification

on the basis of the observed pre-trends.

B.1 Construction of the corrected estimator and ClIs
B.1.1 Correcting for a pre-test with a fixed specification

We begin by deriving the distribution of n’ /3 conditional on the event 3 € B.'7 In general,
the conditional distribution of 7’ 3 will depend on the full parameter vector 3, and we will
therefore condition also on a minimal sufficient statistic for the other components of .
The following result extends Theorem 5.2 in Lee et al. (2016), who show the result for the

particular case where B is a polyhedron.

Lemma B.1 (Conditional distribution of 7/5). Let 5 = (Bpost; Bore) and n # 0 be in RETM
Define ¢ = ¥n/(n'Sn) and Z = (I — enf)3. Then

WB|BEB,Z=z2~¢|€€E(2),

for E~ N ('8, W'%n), and Z(z) = {x : EIB € B s.t. x = 7}’5 and z = (I — cn’)B}.

Proof of Lemma B.1

Tn a slight change of notation, I will now refer to B as the conditioning set for the full parameter
vector 5 (5pre7 5;;0515) rather than for Bpre only. Note that we can write the event ﬂpre € Bpre C RE a

ﬁ €B= {(Bprea Bpost) RK-HW ‘ﬂpra € Bpre}-
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Proof. Note that by construction, 71’ B and Z are jointly normal and uncorrelated, hence

independent. Thus, without conditioning on B € B, we have

WB|Z=z~N 0B, nEn).

Conditioning further on § € B implies that 7/ € Z(z), but owing to the (unconditional)

independence of Z and 7/ B , provides no additional information about n’ ,5’ . It follows that

WBl1BeB,Z=z~ElE€E(),
for € ~ N ('8, /'Sn), and 2(2) := {x : 3 € Bst. x = /B and z = (I — en)3}. O

Having derived the conditional distribution 7’ B , we can then make use of results on op-
timal quantile-unbiased estimators and inference for exponential family distributions, which
were originally developed by Pfanzagl (1994). The following result is a restatement of Propo-
sition D.2 of the supplement to Andrews and Kasy (2019); similar results have been obtained
recently by Lee et al. (2016) on inference for the LASSO, and Andrews et al. (2018) on in-

ference for “winners”.

Proposition B.1 (Optimal quantile-unbiased estimation). Let n # 0 be in RETM . Assume
thatﬁ € B with positive probability, and that X is full rank. Let FEUQ denote the CDF of the
normal distribution with mean p and variance o truncated to the set =. Define Ba(n/ﬁ, z) to
be the value of x that solves F;;f)zn(n’ﬁ) =1—«, for Z(2) as defined in Lemma B.1. Then

for any a € (0,1), by is a-quantile unbiased conditional on B € B,

P (bu(n/p.2) <u/B1f € B) =1-a,

Further, suppose that the parameter space for B is an open set, and that the distribution
of 7}’5 | Z,B € B is continuous for almost every Z. Then by is uniformly most concentrated
in the class of a-quantile-unbiased estimators, in the sense that for any other a-quantile
unbiased estimator by, and any loss function L(z,n'B) that attains its minimum at x = n'3

and is increasing as x moves away from n'[,

B[L (bar/,2).w8) |5 € B] <E[L (b, 1/8) |5 € B].

Corollary B.1. Under the conditions of Proposition B.1, conditional on 3 € B, 130,5(7]’3, Z)
is a uniformly most-concentrated median-unbiased estimate of '3, and the interval C;_, :=
[13&/2(77’3, Z), I;l_a/z(nlﬁ, Z)] is a 1 — « level confidence interval for n'f.
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Proof of Corollary B.1

Proof. Median-unbiasedness of bys(n/3, Z) follows immediately from Proposition B.1. To
show that C;_, controls size, note that 'S & C;_, only if either BQ/Q(U’B, Z) > 1B or
bi_a 21 B,z ) < 1'5. However, Proposition B.1 implies that each of these events occurs with
probability bounded above by a/2, and thus ' & C;_,, with probability bounded above by
Q. O

Applying these results in practice requires calculation of the set =(z). In Section B.2, T de-
rive easy-to-calculate formulas for Z(z) for the cases where B is based on linear or quadratic
restrictions on B , which covers the common cases of tests based on individual or joint signif-
icance.

Intuitively, the median-unbiased estimator proposed above chooses the value 130,5 so that
if the parameter of interest 73 were equal to 30,5, then the observed value 7’ B would be at
the median of the distribution conditional on passing the pre-test. Figure 5 shows how this
pre-test corrected median-unbiased estimator works in the stylized example in Section 2. We
treat as the estimand the value of the post-treatment event-study coefficient minus a linear
projection of the pre-period trend, 7* = 3; + S_1, which corresponds with 7 if we impose
that the differential trend is linear (6; = —0_1). Figure 5 shows the difference /5’1 — 50_5 as
a function of the pre-period coefficient B,l. It also shows the equivalent difference for the
naive linear projection that does not adjust for pre-testing (Bl — (Bl + 5:1) = —B,l). We see
that by 5 looks similar to the parametric estimator that does not adjust for pre-testing when
B_l is close to 0. However, for values of B_l closer to the rejection boundary of +1.96, the
pre-test corrected estimator makes a larger adjustment to B,l than the traditional estimator.
Intuitively, this is because the naive estimate of the slope of a linear pre-trend will generally
be biased towards 0 conditional on passing the pre-test. In order to correct for this, the pre-
tested adjusted estimator inflates the estimates of the slope of the pre-trend. It uses a larger
inflation factor the closer 3_; is to the inflation boundary, since conditional on passing the

pre-test, B_l is more likely to be near the decision boundary when S_; is large in magnitude.

B.1.2 Correcting for specification search using pre-trends

So far, I have considered the case where the researcher accepts or rejects a fixed research
design on the basis of pre-trends. In practice, however, researchers may choose among
multiple specifications on the basis of pre-trends. For instance, a researcher may first evaluate
tests for pre-trends in a large sample, and then upon finding a significant pre-trend, restrict

to a subsample in which the pre-trends appear to be better. Likewise, a researcher may
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Figure 5: Adjustment to conventional estimates using pre-test corrected linear parametric
estimates

Correction Type

—o— Linear Parametric

—— Linear Parametric + Pre-test Correction

Adjustment to OLS
o

-2 -1 0 1 2
Pre-period coefficient t-stat

Note: For an estimator 74, this figure shows the difference Bl — 71 as a function of B 1, in the stylized model
considered in Section 2. The two estimators considered are the naive estimator that adjusts parametrically
for a linear trend, 7, = Bl + B 1, and the adjusted linear parametric estimator bo 5 that corrects for the
pre-test that B 1 is statistically insignificant.
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evaluate the pre-trends both with and without certain controls in their regression, and choose
the specification with the flattest observable pre-trends.

The machinery developed so far can easily be adapted to handle selection among a finite
number of specifications on the basis of the pre-trends. Suppose that we have M models,
cach with estimated event-study coefficients ™ = (A;’,Ee, A;})St). Lot [stacked — (31 3M)
denote the stacked vector of coefficients across the M models. For OLS, the stacked vector
of coefficients can be estimated using Seemingly Unrelated Regressions (SUR), and so will

typically be asymptotically normal. Under a normal approximation for 3stacked

, We can
immediately apply the results from the previous section to obtain median-unbiased estimates
and valid CIs for parameters of the form 7™ = n/4™, conditional on model m being chosen.
That is, letting B, denote the set of values for Bsmdwd such that model m is chosen, we
can obtain adjusted estimates with the property that P (?)}” < e Bs’f“c’“d € B,*n) = 0.5.
Conditional coverage of the corrected Cls can be defined analogously.

Implementing these corrected estimates and Cls in practice requires calculation of the set
E(z) accounting for the model selection rule. In Section B.2, I show that Z(z) can be easily
calculated for a variety of model selection rules, including rules where the researcher tries a
series of models and stops when she finds one without a significant pre-trend, or where she

chooses the model with the smallest pre-trend.

B.2 Computing = For Common Pre-tests

Applying the corrections discussed above in practice requires computation of the set =Z(z). 1
now derive the form of Z(z) for polyhedral and quadratic pre-tests, which respectively cover
the cases of pre-tests based on individual and joint significance. I then derive the form of

=(z) for a variety of model selection criteria.

B.2.1 Calculating =(z) for polyhedral pre-tests

We first consider the case where B = {5 | A5 < b}. Note that the test that no pre-period

coefficient is significant can be written in this form, Byrs = {8 | AN98 < bV1S}, for ANTS =

Iexrx  Oixnmr NTS Co X y/diag(X)
and b = :

—Ixxrk Oixm Ca X \/diag(X)

=(z) follows immediately from the results of Lee et al. (2016).

. For the polyhedral case, the form of

Lemma B.2 (Application to polyhedral conditioning sets). Suppose that the conditioning
set B = {p|AB < b} for A an R x K + M matriz and b an R x 1 vector. Then Z(z), as
defined in Lemma B.1, is an interval in R, with endpoints V=~ (z) and V' (z) given by:
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b; — (AZ)j

V)= e (A6), <0} : (Ac); (16)
VT(z)= min m (17)

{(7:(Ac); >0} (Ac);

Additionally, if P <B € B) > 0, then the conditions for the optimality of the a-quantile-

unbiased estimator in Proposition B.1 are met.

B.2.2 Calculating =(z) for quadratic pre-tests

I next derive the form of Z(z) for tests based on a quadratic form of the parameters, such

as tests based on the joint significance or the euclidean norm of the pre-period coefficients.

Lemma B.3. Let B={5|0'AB < b} for A an (K + M) x (K + M) matriz and b a scalar.
Let A= CdAc, B=2dAz,C = 2Az—b, and D = B?> —4A-C, for c and z as defined in
Lemma B.1. Then:

1. IfA>0,D>0,5(z) = D*“ﬂ.

Y

)= =%
2. IfA<0,D>0,=( :( oo,—8+f] [—B;A@,oo>.
3. IfA<0,D<0, Z(z)=R.

4. If A>0,D <0, then Z(z) = 0.

6. fA=0,B<0,Z(z)=[-§, 00).

7. IfA=0,B=0, then=Z(z) =R ifC <0 and Z(z) =0 if C > 0.
Additionally, if P <B € B> > 0, then the conditions for the optimality of the a-quantile-

unbiased estimator in Proposition B.1 are met.

B.2.3 Calculating =(z) after model selection

I now discuss the computation of Z(z) after selection among a finite number of models, as
discussed in Section B.1.2.

The form of Z will of course depend on the criteria for the specification search, but I note
that a wide variety of specification searches will generate a = that is the union of intervals in

R. To see why this is the case, note first that from the definition of Z(z), it follows easily that
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if B = B; U By, then Zg(z) = Zp,(2) U Zp,(2), and likewise, if B = By N By, then Zg(z) =
=g, (2)NZp,(2). Zp(2) will therefore take the form of a union of intervals if the conditioning
set B can be written as the union and intersection of a sequence of conditioning sets that
themselves produce unions of intervals for Z(z).'® Further, Propositions B.2 and B.3 show
that when conditioning on linear or quadratic restrictions on B , 2(2) is the union of intervals.
Note also that the norm of A;';e is less than that of Ag}n; if and only if 3'(An, — Ap)B < 0
for A,, the matrix with 1s on the diagonal in the positions corresponding with the elements
of A;’;e and zero otherwise. Thus, any selection rule that depends on logical combinations of
the (individual or joint) significance of the pre-trends coefficients from each model and/or
the relative magnitudes of the models will generate a =(z) that is the union of intervals.

A few examples are of note. First, suppose the researcher considers models sequentially
and stops at the first model that has an insignificant pre-trend (either jointly, or based on the
significance of each of the individual coefficients). Then if the mth model is chosen, Z(z) is the
intersection of the sets on which models 1, ..., m — 1 have a significant pre-trend, intersected
with the set on which model m does not have a significant pre-trend. Second, suppose the
researcher chooses the model that minimizes the norm of the pre-period coefficients. Then
=(z) is the intersection of the sets on which the chosen model m* has a lower norm than
model m’ for each candidate m’. Finally, suppose that the researcher first tests model 1
on the full population, and then if it has a significant pre-trend, chooses whichever has
the smaller pre-trend among models 2 and 3, which each restrict to different subsets of the
population. Then Z(z) for the event model 2 is selected will correspond with the union of
intervals on which model 1 is significant intersected with the interval(s) corresponding with

the event that the norm of model 2 is less than that of model 3.

B.2.4 Proofs for the results on =(z)

Proof of Lemma B.2

Proof. The form for Z(z) follows immediately from Lemma 5.1 in Lee et al. (2016).

We now verify that the distribution of 7’ B | Z, AB < b is continuous for almost every Z.
Note that by Lemma B.1, B | Z = z, AB < b is truncated normal with truncation points
V~(z) and V7*(2) and untruncated variance n'¥n. The untruncated variance is strictly
positive since X is positive definite and n # 0, and so the conditional distribution of 7’ B is
continuous if V= (z) < V*(z). Since conditional on A3 < band Z = z, V= (2) < /3 <

~

V*(z), we have V~(2) = VT (2) only if V~(2) =7/p.

18Note that the complement of a collection of intervals is also a collection of intervals, and the intersection
of collections of intervals can therefore be re-cast as a union of intervals using DeMorgan’s laws.
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It thus suffices to show that P <77’B =V (2)|AB < b) = 0. Note though that

P (n’B - V*(Z)> —E [P (n’B —V ()| Z = zﬂ .

Next, observe that for any fixed value z, P (77’ B = V=(2)| Z = z) = 0 since 7/ and Z are

independent by construction and the distribution of 7’ B is continuous since B is normally
distributed, ¥ is full rank, and n # 0. It follows that

Since P (AB < b) > 0 by assumption, it follows that PP <7]’B =V=(2)| AB < b) =0, as
needed. O]

Proof of Lemma B.3 Note that by B € B iff B’AB — b < 0. Further, by construction
B=z+ cn’ 8, so

BAB—b= <z—|—cn'3),A <z+cn’3) —b
— (AR + 20 Az B) + (2 Az —b),
which is a quadratic in (7/3). The first part of the result then follows by solving for the
region where the parabola Az? + Bx + C < 0 using the quadratic formula.

To verify the conditions for optimality, note that the first part of the result implies that
E(Z) is the finite union of intervals on the real line. (We can safely ignore the situations in
which 2(Z) = 0, since conditional on § € B, Z(Z) is non-empty with probability 1). Since
"B | B € B,Z = z is truncated normal, it will be continuous unless =(z) collapses to a set
of measure 0. However, examining the possible cases, we see that this could only occur if
A > 0,D > 0 and the interval collapses to a point. By the same argument as in the proof

to Lemma B.2, this occurs with probability zero, which completes the proof. [J
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C Uniform Asymptotic Results

In the main text of the paper, I consider a finite sample normal model for the event-study
coefficients. I evaluate the distribution of the event-study estimates conditional on passing
a pre-test for the pre-period coefficients. In Appendix B, I derive corrections to parametric
methods that have good properties after pre-testing in the context of this model. In this
section, I show that these finite-sample results translate to uniform asymptotic results over a
large class of data-generating processes in which the probability of passing the pre-test does
not go to zero asymptotically, i.e. when the pre-trend is O(n_%). I focus here on results for
polyhedral pre-tests, which include the common pre-test that no pre-period coefficient be

individually statistically significant.

C.1 Assumptions
We consider a class of data-generating processes P. Let Bn = \/HB be the event-study
Bpost

pre
vector of treatment effects under data-generating process P € P, where we assume there is

estimates B =

0S P
scaled by y/n. Likewise, let 7p,, = \/n ( > tO( ) be the scaled

no true effect of treatment in the pre-periods.

Assumption 2 (Unconditional uniform convergence). Let BL; denote the set of Lipschitz
functions which are bounded by 1 in absolute value and have Lipschitz constant bounded by

1. We assume

Ep [f(Bn — TP,n)} —E[f(&pn)] H _0

lim sup sup
n—o0 pcp feBL,

where {pp ~ N (dpn, Xp).

Convergence in distribution is equivalent to convergence in bounded Lipschitz metric (see
Theorem 1.12.4 in van der Vaart and Wellner (1996)), so Assumption 2 formalizes the notion
of uniform convergence in distribution of Bn —7pn to a N (dp,, Xp) variable under P. Note
that we allow 6 to depend both on P and the sample size n.

We next assume that we have a uniformly consistent estimator of the variance ¥p, and

that the eigenvalues of ¥p are bounded above and away from singularity.

Assumption 3 (Consistent estimation of Xp). Our estimator S is uniformly consistent for
EP;
lim sup Pp (HZAIH —Xp|| > 6) =0,

n—00 pep

for all e > 0.
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Assumption 4 (Assumptions on ¥p). We assume that there exists A > 0 such that for all
PeP,Yp S ={2]11/X < Xnin(2) < Anaz(B) < A}, where Apin(A) and Apae(A) denote

the minimal and mazimal eigenvalues of a matriz A.

Next, we assume that the pre-test takes the form of a polyhedral restriction on the vector
of pre-period coefficients. Recall that the test that no pre-period coefficient be individually

significant can be written in this form.

Assumption 5 (Assumptions on B). We assume that the conditioning set B(X) is of the
form B(2) = {(Bpost, Bpre) | Apre(X) Bpre < b(X)} for continuous functions A, and b. We
further assume that for all ¥ on an open set containing S, B(X) is bounded and has non-

empty interior, and Ap..(X) has no all-zero rows.

For ease of notation, it will be useful to define A(X) = [0, A,.(X)], so that g € B(X) iff
A(X)B < b(X).

C.2 Main uniformity results

Our first result concerns the asymptotic distribution of the event-study coefficients condi-

tional on passing the pre-test.
Proposition C.1 (Uniform conditional convergence in distribution). Under Assumptions

2-9,

lim sup sup
n—00 pcP feBL,

Ep [£(B = oa) | 8a € B(S)| ~ELf(€rn)lérn € BE))|| Pr (5 € BEW) =0,

where Epy, ~ N (0pn, Xp) .

Note that if we removed the Pp (Bn € B (f]n)) term from the statement of Proposition

C.1, then the proposition would imply uniform convergence in distribution of (Bn —Tpn) |Bn €
B(ﬁ]n) to €pnlépn € B(Xp). The Proposition thus guarantees such convergence in distribu-
tion along any sequence of distributions for which the probability of passing the pre-test is
not going to zero.

Although Proposition C.1 gives uniform convergence of the treatment effect estimates
conditional on passing the pre-test, it is well known that convergence in distribution need
not imply convergence in expectations. Our next result shows that under the additional
assumption of asymptotic uniform integrability, we also obtain uniform convergence in ex-

pectations, provided that the probability of passing the pre-test is not going to zero.
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Proposition C.2 (Uniform convergence of expectations). Suppose Assumptions 2-5 hold.
Let Bpy, = Tpy + 0py. Assume that Bn — Bpn ts asymptotically uniformly integrable over the
class P,

lim limsup sup Ep [Hﬁn Bonll - 1||Bn — Bl > M]} — 0.

M—=oo paoe PeP

Then, for any e > 0,

lim sup 1 [HEP [Bn —Tpn| B € B(in)} CE[ep, |Epn € B(Zp)]H > e} Pp (Bn e B(in)> — 0,

n—00 pep

where Epy ~ N (0pn, Xp).

Finally, our last main result concerns the asymptotic validity of the pre-test corrected

parametric estimator and Cls.

Proposition C.3 (Uniform asymptotic a-quantile unbiasedness). Let n # 0, and consider
Z;Q(Bn,iln) the a-quantile-unbiased estimator of 1/ conditional on f3, € B(in) Define
Bpn = Tpn + 0pn. Then under Assumptions 2-5,

lim sup |[Pp (ba(Bs Sa) < 1Bl B € B(S,)) = (1= a)|| B (B € BEw)) = 0.
n—oo pep
Proposition C.3 states that the corrected a-quantile-unbiased estimator b, is uniformly
a-quantile unbiased along any sequence of distributions such that the limiting probability
of passing the pre-test is not going to zero. It follows immediately that under any such
sequence 130,5 is asymptotically median-unbiased and the interval [Ba /25 Bl_a 2] isavalid 1 —«

level confidence interval.

Corollary C.1 (Median unbiasedness and coverage of equal-tailed CIs). Suppose the con-
ditions of Proposition C.3 hold. Then

lim sup H]P’p <IA)0,5(B”, 30) <1 Bpn | B € B(ﬁn)> - O.5H Pp (Bn € B(in)> =0

n—00 pep

cmd, fOT‘ Cl—a(Bna 2n) = [ga/2(5n7 zA]n)a l;lfa/2(Bn7 in)];

lim sup HPP (7820 € CroalBu S0) | 5 € BSW)) = (1 - @)H Pp (B, € B(S,)) =0.

n—o0 pep
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C.3 Proofs for main uniformity results

Proof of Proposition C.1 Towards contradiction, suppose that the proposition is false.
Then there exists an increasing sequence of sample sizes n,, and data-generating processes
P,,, such that

Ep, [£(Bn = Thupnn) | Bun € B(Sn,)| = E [f(Ensinn)lE € B, || X

liminf sup
m—0o0 fEBLl

Pp, (ﬁn c B(f]nm)) > 0. (18)

Since the interval [0, 1] is compact, there exists a subsequence of increasing sample sizes, ng,
such that

lim ]P)an <Bnq € B(inq)> = p*7

q—o0

for p* € [0, 1].
Suppose first that p* = 0. Note that by definition, a function f € BL; is bounded in
absolute value by 1. It then follows from the triangle inequality that for all f € BLy,

By (£, = 7010 | By € B(E0)| —E [£(60,, )68,y € BEr,)]|| <2

for all q. But this implies that

liminf sup
g—0o0 feBLy

<2p" =0,

Ers, [[(Buy = Tpugins) | Brg € BEw)| = E [£(6n,ler, € B(Sr,,)]||Pe,, (B, € B(E,))

which contradicts (18).
Now, suppose p* > 0. Note that by Assumption 4, ¥p falls in the set S = {Z|1/A <
Amin(2) < Anaz(X) < A}, which is compact (e.g., in the Frobenius norm). Thus, we can

extract a further subsequence of increasing sample sizes, n,., such that

lim EPM = 2*,

T—00

for some X* € S.
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pre

Additionally, since p* > 0, Lemma C.4 implies that &% &, 18 bounded, and thus we can

extract a further subsequence n, along which

; pre — gpresx
8 e = O

6post 0
By Lemma C.3, for 6 = ( P”S’"s ), 0 = ( spres ), and &* ~ N (6%, £*), we have

(Buy = Tony — 6 ) Bns € B(S0,) —2 716" € B(2Y),
and
(€p,, — 1)|€p,. € B(Sp,.) -5 €°[¢* € B(XY).

Recalling the convergence in distribution is equivalent to convergence in bounded Lipschitz

metric, we see that

lim sup
S$—00 fEBL1

Ep, [£(Bo, = 7rpom, = 65) 1 B, € B(Sn)| —E[£(€)l€" € BEM]|| =0 (19)

and

lim sup [[E [f(¢n, —35)Icn, € B(Zn,)] —E[f(€)l¢ € BE| =0, (20)

5—00 fEBLl

Equations (19) and (20) together with the triangle inequality then imply that

lim sup
S5—00 fEBL1

Er,, [£(Bu. = Trum. = 65) | B, € B(En)| —E[f(n,, = 6.)lér,, € B(Zp,)]|| =0.

However, BL is closed under horizontal transformation (i.e. f(z) € BL; implies f(x —c¢) €
BLy), and so this implies that

lim sup
S§— 00 fGBLl

IE:PnS [f(an = TPy, ,ns)

B, € B(Sn)| ~ E [£(¢r.,)ker,, € BEp,)]|| =0,

which contradicts (18). O
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Proof of Proposition C.2 Towards contradiction, suppose the proposition is false. Then

there exists an increasing sequence of sample sizes n,, and data-generating processes P,

such that for some € > 0,

Jim inf 1 [HE [Bnm — 7o | B € B(inm)] —E[¢r,, |&n, € B(Sp,)] H > e} X

m— 00

Pp, (Bnm c B(inm)) > 0. (21)

Since the interval [0, 1] is compact, we can extract a subsequence of increasing sample

sizes, n,, along which

lim Pp, (Bnq S B(inq)) =p

q—00

for p* € [0, 1].
First, suppose p* = 0. Since the indicator function is bounded by 1,

liminf 1 [HE [Bnq — TPo,nq \Bnq € B(inq)} —E [anq |€p,, € B<2an)] H > 6} Pp,, (Bnq € B(inq)) <

S5—00

lim inf P, (Bnq € B(i]nq)> _ =0

S§—00

which contradicts (21).
Now, suppose p* > 0. As argued in the proof to Proposition C.1, we can iteratively

extract subsequences to obtain a subsequence, ng, along which

lim Epns = E*,

S§—00

: pre __ Spregx
8 e = O

lim Pp, ([p’n c B(fjns)> — >0,

S§—00

where ¥* € S.
0 0
Let 0, = ( e ) and 0* = ( sores ) be the vectors with zeros for the post-period

Pns Ms

coefficients and 0% ° | ~and 0?"*, respectively, for the pre-period coefficients. Similarly, let

Ns

post
oF = ( P "6 e ) be the vector with zeros for the pre-period coefficients and 5?;28{”3 for the
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post-period coefficients. From Lemma C.3, (3, — TPy s — (5;[)|Bn € B(%,,) N £xEF €
B(X¥), for £ ~ N (5%, ).

Additionally, from uniform integrability, we have

' 1|:HBTL5 - /BPnsyns

lim limsupEp, |||Bn, — Bp,, n.
M—oo 5500

Observe that

>M]] = 0.

]E'Pns ||/éns_/BpnsynsH.1[||an_/8Pnsvns||>M] =
Er, [11Bn. = Brumel | 1180, = Bppll > M]| B, € B(Sn,)| - P, (Bu. € B(Ew)
Epns Han _/Bpnsyns : 1[”an _5Pn57ns

Epns HBTLQ _/Bpns,ns . 1|:||an _/Bpns7ns

)
> M)| B, & B(En)| - Pr, (B, & B(E0)
> M)| B, € B(En,)] -Pr, (B, € B(E0,))

and hence

' 1[”an - ﬁpnsyns

Jim TimsupEp, [l1B,. = Bp,.n. > M| B, € BEn)|Pe,, (B, € BE

—X0 500

Further, since Pp,_ <Bn € B(f]n)> — p* > 0, it follows that

’ ]‘[Hﬁ/\ns - /Bpnsyns

]Vllirn limsupEp,_ [Han — BPa.ms > M] ’an € B(ins)] =0,

00 g0
S0 [, — Bp,.n, is uniformly asymptotically integrable conditional on Bn. € B(3,.). Note
that Bn — Tpyme — O = Bn — Bpoyme T 0,,, and 0, — 0" as s — oo. It then follows from

Lemma C.6 that an — Tp,.ms — 0, is uniformly asymptotically integrable conditional on

~ A

Bn, € B(X,).
Convergence in distribution along with uniform asymptotic integrability implies conver-

gence in expectation (see Theorem 2.20 in van der Vaart (2000)), and thus

S—00

tim |[Ep, (B, = 7p,m, = 05 | B, € B(E0)| —E[€"|€" € BE|| = 0.

Likewise, Lemma C.5 gives that
lim [[E [¢r,, — 67, |&r,, € B(Sr,,)] ~E[¢'|€ € B))|| = 0.
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It then follows from the triangle inequality that

lim |[Er,, [Bu. = 7p, = 0, | B, € B(S0)| —E [gn, =6, [&p,, € B(Zp,)]|| 0.

5—00

Cancelling the d;7 terms gives

lim H]Epns [an — '7'7157PTLS |Bné S B(ins)} —E |:§Pn5 |§Pns S B(EPM)} H = 07

S§—00

which contradicts (21). O

Proof of Proposition C.3 Towards contradiction, suppose that the proposition is false.
Then there exists an increasing sequence of sample sizes n,, and data-generating processes
P, such that

m—ro0

timin |[Pr,,, (ba(Bus Sn) < 0Bpoinn | B € BEn,)) = (1= )| Pr,,, (B, € B(Sn,)) >0.

Since the interval [0, 1] is compact, there exists a subsequence of increasing sample sizes,

ng, such that

lim Pp,, <Bnq € B(f]nq)> =p*,

q—o0

for p* € [0, 1].
First, suppose p* = 0. Note that

I

ng

(l;oc (Bnqa inq) S nlﬁnq,P,

'q

B, € B(2,,)) — (1= a)|| <1

and hence

timinf ||Pe,, (ba(Brys Sn,) < Bpoyn, | oy € BEw)) = (1= )| Br,, (B, € B(EW,)) <97 =0,

q—00

which contradicts (22).
Next, suppose p* > 0. As argued in the proof to Proposition C.1, we can extract a

subsequence of increasing sample sizes, ng, such that
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lim $p, = 2, (23)

§—00
lim 677, = 07", (24)
lim P, (B, € B(En,)) =7, (25)
S§—00

where 3* € S and p* € [0, 1].
We wish to obtain a contradiction of (22) by showing that

lim (PPM (z}a(ﬁns,ins) <1/ Bp,, n.

§—00

ohet 0 0
Let 6 = Prgins ) 15— = ,and 0" = . From Lemma C.7, it suffices
s 0 s 51?7"5 Sprex

Pns Ms

Ba, € B(i)ns)> (- a)H —0.

to show that, for B;‘L = [, — TP, s — Ot

lim ‘]P)pns (i)a(st,ins) < 77’51; |B:Lg S B(ﬁ’%)) - (1 — CY)H = 0.

5§—00

Further, Lemma C.8 implies that this is equivalent to:

tim |[Pr, (9(8:,S0.0,) S1=alB;, € BE.)) - (1 —a)|| =0,

S$—00
for g as defined in Lemma C.8.
Note that by construction, for £&* ~ N (§*, ¥%),

9(€7,%%,07) |€" € B(X) ~U[0,1].

Thus,

P(g(", 2% 6)<1—a|f € B(X")=1-a,
and the distribution of g(&*, X%, §%) | £* € B(X*) is continuous at 1 —«. Additionally, Lemma
C.3, along with (23) and (24), imply that
kX - Q% S d * vk Ok * *
(Bres Xnes 0,,) | Br, € B(Xn,) — (£7,57,67) [ & € B(X7).

Since Lemma C.12 gives that the function ¢ is continuous for almost every (£*, %% 6%),
conditional on &* € B(X*), the result then follows from the Continuous Mapping Theorem.
0]
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Proof of Corollary C.1

Proof. The result for bos is immediate from Proposition C.3. To show the second result,
note that

PP (n’ﬁP,n ¢ leoz(Bn, in) | Bn c B(i}n)> —

PP (l;a/Q(Bn; in) > U/BP,n ‘ Bn S B<in)) + PP (El—a/2<Bm in) < nlﬁP,n | Bn € B(in)> ’

since 1'Bp,, falls outside of C;_, only if it is greater than the upper bound or less than the
lower bound, and both of these events cannot occur simultaneously. Applying the result in
the previous display along with the triangle inequality and the fact that for any event FE,
P(E)=1—-P(E°), we obtain that

N

/N 7N 7N

lim sup
n—00 pep

p (7800 € CioalBu 20) | B € B(EW) - (1= )| B (B € B(SW)

<
hm sup ]PP Blfa/Z(Bna XAjn) S 77,513771, | Bn S B(in)> - a/QH ]P)P (Bn € B(in)> +

n—o0 pep

lim sup ||Pp
n—oo PepP

lim sup ||Pp <B1_Q/Q(Bn, zAln) =1 Bpn | B € B(in)) H Pp (Bn € B(in)>

n—00 pep

baj2(Bus £0) < 1 Bpn | B € B(E)) = (1= a/2)|| Pe (Bo € BE)) +

The first two terms on the right-hand side of the previous display converge to 0 by Proposition
C.3. That the final term is 0 can be shown using an argument analogous to that in the proof
of Proposition C.3. Specifically, using the notation from the proof of Proposition C.3, note
that lSa(BnS, ﬁ)n) = 1'Bp,, n, iff g(B,*LS, S, d,.) = 1 — a. However, we show in the proof to
Proposition C.3 that for £&* ~ N (0%, £*), g(£*,X*0%)|¢* € B(X*) is uniformly distributed,
and thus equal to 1 —a with probability 0. The desired result then follows from an application
of the continuous mapping theorem as in the proof to Proposition C.3.

]

C.4 Auxiliary lemmas and proofs

Lemma C.1. Suppose (§,,%,) N (&*5,3%), for & ~ N (6%, X%) and X* € S. Then, if B

satisfies Assumption 5,

Pp. (& € B(E,)) — P (& € B(XY)).
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Proof. By definition, &, € B(%,) iff A(X,)&, < b(X,). Now, consider the function

(€, %) = 1[A(E)E < b(%)].

Note that since A(-) and b(-) are continuous by Assumption 5, h is continuous at all (£, %)
such that for all j, (A(X)£); # b(X);. However, the jth element of A(X*)£* is normally
distributed with variance A(X")(; X" A(X"); ), where X(; ) denotes the jth row of a matrix
X. Since A(X*) has no non-zero rows by Assumption 5, and ¥* € S implies that ¥* is positive
definite, A(X*)(; X" A(X")(;.) > 0. This implies that for each j, (A(X")¢"); = b(X*); with
probability zero, and hence (A(X*)£*); # b(X*); for all j with probability 1. Thus, h is
continuous at (£*,3*) for almost every &.

Since (&,,%n) BN (&*,%"), the Continuous Mapping Theorem gives that 1[A(%,), <
b(2,)] N 1[A(Z*)E* < b(X*)]. Since the indicator functions are bounded, it follows that

P (&n € B(En)) = E[1[A(En)én < b(En)]] — E[IA(E)E" < 0(E7)]] = P (£ € B(XY)),

which completes the proof. O
Lemma C.2. Suppose that (&,,%,) N (&*,3%), for & ~ N (6%, %) and ¥* € S. Suppose
further that P (§* € B(X*)) = p* > 0 for B(X) satisfying Assumption 5. Then

d * * *

Proof. By the Portmanteau Lemma (see Lemma 2.2. in van der Vaart (2000)),
d * * *

it E[f(&) & € B(X,)] — E[f(&) | £ € B(X*)] for all bounded, continuous functions f.
Let f be a bounded, continuous function. Since (&,,%,) N (€*,%2%), the Contin-
uous Mapping Theorem together with the Dominated Convergence Theorem imply that

E [9(&, T0)] -2 E[g(€*, %)) for any bounded function g that is continuous for almost every
(&*,3*). It follows that

E[f(&)-1[&n € BE)) — E[f(€7) - 16" € B,

where we use the fact that the function 1[¢ € B(X)] is continuous at (£*, £*) for almost every
&*, as shown in the proof to Lemma C.1, and that the product of bounded and continuous

functions is bounded and continuous. Additionally, by Lemma C.1, we have that
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P& € B(6n)) — P(§" € B(ET)) =p" > 0.

We can thus apply the Continuous Mapping Theorem to obtain

E[f(&) 1[6 € BE] | E[f(£) - 1[€ € B(Z)]]
P (& € B(X,)) P e B(X)

which by the definition of the conditional expectation, implies

E[f(&) & € B(E)] — E[f(£) [€ € B(EY)],
as needed. O

Lemma C.3. Suppose Assumptions 2-5 hold, and ng is an increasing sequence of sample

sizes such that

lim ans = 2*,

5§—00

: pre __ spreyx
i 05, = 07

lim Pp, (an € B(f]ns)) —p" >0

5—00

post
for ¥* € S. Let 6! = P”(;’"S be the vector with elements corresponding with dp, n,

for the post-period coefficients, and zeros for the pre-period coefficients. Likewise, let 0* =

spren be the vector with zeros for the post-period coefficients and OP"** for the pre-period

coefficients. Then

(Bus = Tomy — 61 )|Bn, € B(E,,) -2 €°[¢* € B(E¥)

and

(EPpimy — 1) |Eprms € B(ZR,,) 5 €°[6" € B(ZY),
for & ~ N (0%, £*).

Proof. By assumption, &p, ~ N (0p,., p,.), and thus Ep, — 0,7 ~ N (6, , Ep,. ). Since by
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construction ,, — 0* and ¥p,  — ¥*, it follows that {p, —0,} Ly e for & ~ N (0%, ¥%).

Convergence in distribution is equivalent to convergence in bounded Lipschitz metric, so

lim sup [[E [f(én,, — 5] —ELF(€)]]] = 0 (26)

5—00 fEBLl

Additionally, Assumption 2 gives that

lim sup
5—00 fEBLl

Ep,, [£(Bu, = 7r,0.)] B [F(60,)]|| =0

Since the class of BL; functions is closed under horizontal transformations, it follows that

lim sup
S§— 00 fGBLl

Ep,, |f(B. = 7ppm, = 05| —E [£(Er,, = 65)]|| = 0. (27)

Equations (26) and (27), together with the triangle inequality, imply that

lim sup
5—00 fEBLl

Ep, (B, = 7r,om, = 65)] —E[F(E]]| =0 (28)

or equivalently, (Bné —TP,. ms— 0,1 N &*. By Assumption 5, the pre-test is invariant to shifts
that only affect the post-period coefficients, and so f,, € B(3,,) iff (B,, — 7., P, — 0} ) €
B(%,.). Lemma C.1 thus implies that lim,_,. Pp,. (an € B(f)ns)> =P (¢ € B(XY)), and
hence P (£* € B(X*)) = p* > 0. We have thus shown that (5,, — TP, s — 5:{5,53%) SN

(&,5%), (&p,, — 0. 2p,.) N (€5,2%), and P (& € B(X*)) > 0. The result then follows
immediately from Lemma C.2.

]

Lemma C.4. Suppose that Assumptions 2-5 hold. Then for any increasing sequence of

sample sizes ng and corresponding data-generation processes P, such that

T (165, || = oo,

we have

lim Pp, (Bnq € B(inq)> —0.

q—o0
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Proof. Towards contradiction, suppose that there exists a sequence n, such that

: pre _
lim {05, ol = oo,
and
lim inf Pp, (Bn € B(S, )) > 0. (29)
q—00 q a a

Since S is compact, we can extract a subsequence n, along which Xp, — X* for some
¥* € S§. Assumption 3 then implies that inr A

By Assumption 5, B,,..(X) is bounded for every ¥. Let M(X) = SUDg,, . eByre(s) | Bprell-
Assumption 5 implies that B,,..(X) is a compact-valued continuous correspondence, and so
M(%) is a continuous function by the theorem of the maximum. It follows that for any ¥
in a sufficiently small neighborhood of ¥*, M(X) < M(Z*) +1 =: M. Since %, —£+ %%,
it follows that M(%, ) —, M(X*), and thus for r sufficiently large, M(%,. ) < M with
probability 1. Thus, for r sufficiently large, Pp, <Bnr €B (XAJM)> <Pp,, (Bm €B M), where
Bii = {(Bpost, Bpre) | ||Bore|| < M}. Tt follows that

lim inf Pp, (Bm € B(ﬁ:m)> < liminf Pp, ([-}nr € BM>

r—00 r—00

=1—limsupPp,, (Bnr € B&) .

T—00

We now show that limsup, . Pp, (Bm € Bﬁ) = 1, which along with the display above

implies that liminf, ,o Pp, <Bm € B(ﬁ)m)> = 0, contradicting (29).

Consider the function h(5) = min(d(5, By;), 1), where for a set S we define d(5,5) =
infz.q |8 — B||. Tt is easily verified that h € BLy, and that h(3) < 1[8 € Bg,] for all .
Thus,

limsup Pp, (BW € B&) > limsupEp, [h(Bm)} : (30)

r—00 T—00

Note that d(3, By;) depends only on the components of  corresponding with the pre-period,

~

and thus h(B) = h(3 — 7) for any value 7 = TPSSt that has zeros in the positions

corresponding with f3,,.. This, along with Assumption 2, implies that
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tim |[x, [1(3.,)] ~ B [h(€r,..)]|| = 0.

T—00

Using the triangle inequality and the fact that h is a non-negative function, we have

Ep,, [(5)] = E [h(Er,, n)] = |[Er,, [A(B0)] — E (B, 0] |

It then follows that

r—00 r—00
Now, since lim, o [|05,° ,, || = 0o, there exists at least one component j of dp° , that
diverges. Let 67" denote the jth element of §3° , , and suppose WLOG that §7°° — oo.
Likewise, let &) denote the jth element of {5° . Note that h(¢p,, ) = 1 whenever
"¢ > M +1, and thus E [h(¢p,, n,)] > E [1[5° > M + 1]]. Hence,
limsupE [h(p,, n,)] > limsupE [1[€]7° > M +1]] . (32)
r—00 r—00
Since &7 ~ N (6%7°, 03,), for o2, the jth diagonal element of Xp, , we have
_ M+1-—6"¢
E [1[¢7¢ > M +1]] :1—q><—“>.
9 O’j,,,-.
However, by construction o;, — o; as r — oo, where 0;2 is the jth diagonal ele-

ment of ¥*. Additionally, o > 0 by Assumption 4. Thus, since 07,° — oo, we have that
P (%) — 0, and hence E [1[¢?7¢ > M 4 1]] — 1. This, combined with the inequalities
(30), (31), (32), gives the desired result.

Tj,r

O

Lemma C.5. Suppose Assumptions 2-5 hold. Consider a subsequence of increasing sample

sizes, ng, such that
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lim $p, =, (33)

S$—00
lim o7 = 67, (34)
lim Pp, (Bn € B(ins)> —p >0 (35)
S§—00

for ¥ € S. Then

Slggo H]E [SPns,ns - 5; |£Pns M € B(EPM)] —E [5* |£* € B(E*>]H = O,

5p7‘e,>k

0 5post
for & ~ N (0%, ¥*), where §* = and 5 = Pnosms

Proof. Let &; ; denote the jth element of £p, ,,—6," . We show that E [5]-,3 | €Puins € B(f]pns )]
E [¢ € € B(E)] for each element j, which implies the desired result.
Note that &p, n, ~ N((SPnS,nS, Epns), S0 &pyime — Off ~ J\/'((S;S, Epns), where 0, =

pre
Pns sMs

0
( > Since by construction 6, — ¢ and Xp, — 3%, it follows that {p,_ ., —

ot ~%5 ¢*. The continuous mapping theorem then gives that (Epune — 08) - 1Py ms €
B(Xp,)] ¢ *1[¢* € B(X*)], where the function is continuous for almost every £* as shown
in the proof to Lemma C.1, and we use the fact that {p, ,, € B(f]pns) iff {p, ne — 0 €
B(% p,.) by Assumption 5. Next, observe that

&5 - Lpa, ns € B(ER)]| < 1€54].

Since the absolute value function is continuous and &; N I N €] by the contin-
uous mapping theorem. Further, each |¢;,| has a folded-normal distribution, as does |}/,
and since the mean of a folded-normal distribution is finite and continuous in the mean and
variance parameters, we have E[|¢;|] = E [|¢}]] < oo. Thus, by the generalized dominated

convergence theorem,
al d * * *
E[&s - 1ép,m. € BSp,)l| S E[g 10" € B
However, by Lemma C.1 we have that

P(¢p,, € B(Sp, ) — P(€ € BE) =p" >0,

Thus, by the continuous mapping theorem,
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E[ge - 1n, €BER)] Bl 1l € B
P (ans,ns c B@RQ) P (& e B(X*)) 7

as we wished to show. O

Lemma C.6. Suppose that a sequence of random variables Y, is asymptotically uniformly

integrable,

lim limsupE ||V, ]| - 1[[|Y,]| > M]] = 0.
M=o pooo

If ¢, is a sequence of constants with ¢, — ¢ and Y, — ¢, converges in distribution, then

Y, — ¢, 1s also asymptotically uniformly integrable.

Proof. Note that ||Y,, — c,|| < ||Ya|| + ||cn]|- Thus,

im limsupE[||Y,, — cu|| - 1[||Yn — cul| > M]] <

1
M—oo p oo

lim limsupE[||Y,]] - 1[||Yn — cal] > M]] + lim limsupE|||c,|| - 1[||Yn — cnl| > M]].
M—ro0 M—

n—oo n—oo

(36)

We now show that each of the two terms on the right hand side of (36) is zero. To see
why the first term is zero, note that since ¢, — ¢, for n sufficiently large, ||c,|| < ||c+1]||. By
the triangle inequality, ||Y;, —c,|| < ||Yal|+]|ca|| and so for n sufficiently large, 1[||Y, —cu|| >
M| < 1[||Ya]| > M —||c + 1]|]. Thus,

lim Timsup E [|[Y, [ - 1[||Yy — cnl| > M]] < lim limsup E{||[Y[| - 1[[[Ya]] > M — [[c + 1][]]
M—o0 M—00 5300

n—oo
= lim limsupE[||Y,|| - 1[||Y.]| > M]],
M=o pooo
and Timyy-oe i sup, oo E[[[Va]|- 1[1Yal| > M]] = 0 by assumption.
To show that the second term in (36) is zero, note again that since ¢, — ¢, for n

sufficiently large, ||c,|| < ||c+ 1]|, and thus

lim limsupE[||c,|| - 1[||Yn — cul| > M]] < |le+1]] lim limsup E[1[||Y,, — ¢,|| > M]].
M- n—o00 M—=oo p oo
However, since Y,, — ¢, converges in distribution, Prohorov’s theorem gives that Y,, — ¢, is
uniformly tight, so
]V}im limsup E [1]||Y,, — ¢,|| > M]] = 0.

—0  n—oo
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Lemma C.7. Suppose Assumption 5 holds. Suppose that T = ( TPSSt ) has zeros in the

positions corresponding with Bpm. Then for any B and f],

~ ~ A A

bo(f—7,%) = ba(B,2) — /T

Proof. Recall that for any values (B 2, BQ(BN, ) solves

where Z is shorthand for Z(3,%) = (I — é)f, for & = X0//('Sn), & = /'Sy, and the
functions V* and V'~ are as defined in Lemma B.2 (replacing ¥ with ¥). Let Br=p—r,
Z = Z(4,%), and Z* = Z(5*,%). We now show that

which together imply that b, solves (37) for (B, Z) iff Z;Z = by — /T solves (37) for (B*, Z*),

from which the claim follows.

To establish (i), note that Z* — Z = —(I — én) ( TPSSt ), where ¢ depends only on 3

and 7, and not on 3. From this we see that
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where A < TPSSt > = 0 since A = [0, Apost]. Additionally, from the definition of V',

.. — (AZ);
V7 (Z,X) = mazx b = (A2); (A )
(A0);<0p  (A¢);

It follows from the previous two displays that V= (Z*) = V= (Z)—1/ ( TPSSt ) . An analogous

argument establishes (ii), and (iii) follows immediately from the definition of 5*. O

Lemma C.8. Fiz n # 0. For any (3,%) and z € R, let Fsgj;])() denote the CDF of a
N (:L’, n’f]n) variable truncated to the set 2(3,%) = [V (Z(5,%),%), VH(Z(B,%), )], where
the functions V=, VT, and Z are as defined in Lemma C.10 below. Define g(B,i],é) =
F:gi,zz)n(n’ﬁ) Then bo(3,%) < 1/ iff g(B,%,0) <1 — a.

Proof. By definition, b, solves:
26,2 A
FBa(,nli)n(n/ﬁ) =1-q.

However, F:;é;n) (/f3) is weakly decreasing in 2 (see, e.g. Lemma A.1 in Lee et al. (2016)),
from which the result follows immediately.
0

Lemma C.9. Suppose ¥ is a positive definite matriz such that for some j, (Ac); =0 for c =
Yn/(n'En). LetE ~ N (8, 2) and Z = (I—cn)E. Let B = {3 | AB < b} such thatP (£ € B) >
0. Assume further that none of the rows of A are zero. Then P (b; — (AZ); >0|¢& € B) = 1.

Proof. By Lemma 5.1 in Lee et al. (2016), £ € B only if b; — (AZ); > 0. It thus suffices to
show that P ((Az); = b,;|& € B) = 0. Note that

(AZ); = (A, — (Ae)n)¢
= A€

where A(;.) denotes the jth row of A, and we use the fact that (Ac); = 0. Since by as-
sumption X is positive definite and A(;.) # 0, it follows that (Az); = A(;.)& is normal with
variance A(; ) XA(; ) > 0. Hence, P((Az); =b;) = 0. Since P(§ € B) > 0, it follows that
P((Az); =b;|& € B) =0, as needed. O

Lemma C.10. Fiz n # 0. Let & ~ N (6, *) for ¥* € S such that P (§* € B(X*)) =
p* > 0. Let Z(§,%) = (I — (X)) for ¢(X) = Xn/(0'En), and let V= (Z, %) and V(Z, %)
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be as defined in Lemma B.2. Suppose B(X) satisfies Assumption 5.
& e B(XY),

Then for almost every

(1) V= (Z(£,%),%) is continuous at (§*,%*) as a function into RU{—o0}, where we define

the max over the empty set to be —oo.

(i1) VY(Z(&,%),X) is continuous at (£*,X*) as a function into R U {oo} for almost every
£1¢ € B(X), where we define the min over the empty set to be oc.

(111) V—(Z(£5,%5%), %) < VT (Z(£*,X5%), X*).

Proof. To prove (i), begin by fixing a value £*. Consider a sequence (&, 3;) that converges
to (£%,2*) as h — oo. Let z, = Z(&,, Xy), and note that z, — 2* := Z(£*, ¥*), since the
function Z is clearly continuous for values of ¥ where the denominator in ¢(X) is non-zero,
i.e. when n'YXn > 0, and this holds for X* since ¥* € S and thus positive definite.

Suppose first that there is no j such that (A(X*)c(X*)); = 0. The function A(X) is
continuous at ¥* by Assumption 5, and we just argued that ¢(X) is continuous at ¥* as well.
Thus, for h sufficiently large, {((A(Zy)c(2r)); > 0} = {((A(X*)e(E*)); > 0}. Likewise, the
function b(X) is continuous at ¥* by Assumption 5, and so (b;(X)—(AZ(£,X));)/(A(E)c(X));

is continuous at (£*, X*), from which it follows that

b(Xn); — (A(Xh)2n); b(X*); — (A(X*)z");
max — max 38
G AEeE)<0r  (A(ZR)e(Xh)); Az <0y (A(E*)e(27)); (38)

when {((A(X*)e(X*)); > 0} is non-empty. By an analogous argument, if {((A(X*)c(X*)); >
0} is empty, then for h sufficiently large, {((A(X5)c(X1)); > 0} is empty as well, and so (38)
holds regardless of whether {((A(X*)c(X*)); > 0} is empty.

Now, let J = {j|((A(X*)e(X*)); = 0}. Note that by the same argument as in the

previous paragraph,

b(Xn); — (A(En)zn); b(X"); — (A(X")z");
max — max . 39
URT(AEeE)); <0y (A(ZR)e(Xn)); UAEeE)) <0 (A(Z)e(E¥)); (39)

Additionally, by Lemma C.9, for j € J, (b(X*); — A(X*)z*); > 0 for almost every value of
&*. For such a &, it follows from the continuous mapping theorem that for h sufficiently
large, (b(X) — A(Xh)zn); > 0. Thus for any j € J and any subsequence {h;} C {h} for
which (A(Xp,)c(Xn,)); < 0, we have
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This implies that

- b(3n); — (A(Xh)zn), S —o0,
(GeT(AEe(En);<0r  (A(Xh)c(Xn));

and thus
lim . b(En); = (AZn)zn); _ . b(Zh); — (A(Sh)2n);
h=vo0 (GRTHAER)());<0) (A(Z)e(En)); h=o0 {F:(AENEN); <0t (A(Zh)e(Zn));

Result (i) then follows from (39). The proof of result (ii) is analogous to that for proof (i),
replacing max with min and —oo with oo. Result (iii), that V= < VT, follows from the
same argument as in the proof of Lemma B.2.

O

Lemma C.11. Let g(¢, %, V-, V7T §) = Fg}g;’,‘;;](n’ﬁ). Then g is continuous in (£, %,V VT, 0)

on the set {(&, X, V-, VT 6)|& € REFM Y € B(S), V- € RU{—o00},VT € RU{o0},d €

REFMY " for B(S) an open set of positive definite matrices containing S.

Proof. By definition,

re ) -
q)<n§ 775)_@(‘/ 775>
o o
§(6727V_7V+a5> = ¥ 7 - 7 5
& (V 77(5) _ & (V 775)
o o
for o = /n’¥n. Since ¥ € B(S) implies that ¥ is full rank, and hence o > 0, it is immediate

from the functional form that g is continuous when all of the values are finite.
Moreover, for V= finite and (£, 3,V ~,0) fixed,

o (77’5—77’5> & (V‘ —77’5) o (77’5—77’5) _ (V‘ —77’5>
g ag ag g

lim =
+ / — / — /
V+—00 ([/ —775) (V —7]5) <oo) (V —7}5)
o o o o

Moreover, for VT finite and (£, %, V1, 0) fixed,
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Finally, for (£, %, ) fixed,

(U)o () () e ()
lim c ? = 7 7/

(V=,V+)—=(—00,00) P (V+ — 77/(5) _

g

LS
PR
<
Qll
3
Sy
~—
LS
—
318
~—
|
LS}
A/~
|4
~

Lemma C.12. Suppose the function B(X) satisfies Assumption 5. Let & ~ N (6*, X*) for
¥* e S such that P (£* € B(X*)) =p > 0. Then g(&*,3*,0%) is continuous for almost every
| & € B(X*) for the function g as defined in Lemma C.8.

Proof. Observe that

9(&,5,0) = §(& 2,V (€, 8), V(£ 8),9),

for the function g as defined in Lemma C.11. Lemma C.10 gives that for almost every
value of £*|&* € B(X*), the functions V'~ and V' are continuous in (£, X) at (£, ¥*) with
V=(€5,5%) < VT(€*,2%). Lemma C.11 gives that g is continuous on {(£, 2, V=, VT §)|€ €
REFM 3 € B(S),V- € RU{—x},Vt € RU{x},d € A}, for B(S) an open set containing
S. The result then follows immediately from the fact that the composition of continuous

functions is continuous. O

D Power Calculations Under Stochastic Differential Trends

This section considers data-generating processes in which there are stochastic differential
trends between the treated and control groups. In particular, we consider the following

hierarchical model:

§~N(0, V) (40)
Blo~N@G+T,5). (41)
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The distribution for /3 |0 in (41) is identical to the model considered in Section 3. However,
we now treat 0 as stochastic, rather than as a fixed parameter (e.g. linear in event-time).
Treating 0 as stochastic is sensible in situations in which we think that there may be common
shocks to the treated and control groups (e.g. if each of these is a state, and there are macro-
level shocks).

I now evaluate the power of pre-tests against such stochastic shocks in data-generating
processes calibrated to the sample of papers reviewed in Section 4. For a given value of
(V, %), we define the power of the pre-test to be the probability, Py 5 (Bpre €B (Z)), where

A

Ps 5 (+) denotes the probability taken over the realization of the joint distribution of (9, 3).
We explicitly write the pre-test acceptance region as B(X) to denote that the pre-test region
depends on 3 (but not V). We again set ¥ to be the estimated variance-covariance matrix
from each of the papers in the sample. Calibrating the covariance matrix V' for the common
stochastic shocks is more difficult, as it cannot be consistently estimated from the data. For
simplicity, I set V = ¢- 3 for a constant ¢ > 0. Under this specification, the marginal distri-
bution of § under the hierarchical model defined above is N (0, (1 + ¢)X). The parameter ¢
can thus be interpreted as the factor by which we have underestimated the variance matrix
by treating ¢ as fixed and ignoring common stochastic shocks.

I then calculate the values of ¢ for which the pre-test rejects 50 or 80% percent of the
time, which I denote cg5 and cyg. As in Section 4, I use the pre-test criterion that no pre-
period coefficient is significant at the 95% level. I compute the null rejection probabilities of
conventional confidence intervals for the average post-treatment effect 7 and the first-period
treatment effect 7, under the DGPs with ¢y and cyg. The null rejection probabilities are
computed over the joint distribution of (3, ).X? As in Section 4, I report these probabilities
both unconditionally, and conditional on surviving the pre-test. Tables 5 and 6 show the
results for 71 and 7, respectively. Across all specifications, the null rejection probabilities
substantially exceed the nominal level of 5% for most of the papers. Conditioning on pass-
ing the pre-test generally reduces the null rejection probability, but only moderately so in
most cases. Conditional on passing the pre-test, null rejection probabilities are often many
multiples of the nominal size. The results thus suggest that conventional pre-tests may be
underpowered against detecting common stochastic shocks, in addition to the linear secular
trends considered in the main text.

I do not report results for bias as in the main text, since d is mean-zero and so B is

unbiased when the expectation is taken over the joint distribution of (B ,0).

YRecall that  ~ N (0, (14 ¢)X). Thus, this is the probability that r falls inside a confidence interval
based on the assumption that 8 ~ N (7, ¥) distribution when in fact 8 ~ N (7, (1 4 ¢)%).
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Conditional on passing pre-test?
No Yes
Scaling factor for stochastic variance

Co.5 Co.8 Co5 Cos
Bailey and Goodman-Bacon (2015)  0.17  0.34  0.16  0.33
Bosch and Campos-Vazquez (2014)  0.19  0.38  0.12  0.27

Deryugina (2017) 0.19 038 0.04 0.09
Deschenes et al. (2017) 0.17 035 0.10 0.19
Fitzpatrick and Lovenheim (2014) 023 045 021 043
Gallagher (2014) 0.14 030 012 0.26
He and Wang (2017) 026 048 0.23  0.46
Kuziemko et al. (2018) 029 055 020 042
Lafortune et al. (2017) 0.19 0.38 0.18 0.37
Markevich and Zhuravskaya (2018) 022 044 018 0.38
Tewari (2014) 0.10 0.22 0.08 0.18
Ujhelyi (2014) 0.22 043 018  0.36

Table 5: Null Rejection Probabilities for Nominal 5% Test of Average Treatment Effect
Under Stochastic Trends Against Which We Have 50 or 80% Power

Note: This table shows null rejection probabilities for nominal 5% significant level tests using data-generating
processes under which there are stochastic violations of parallel trends that conventional pre-tests would
detect 50 or 80% of the time (co5 and cgg). The first two columns show unconditional null rejection
probabilities, whereas the latter two columns condition on passing the pre-test. The estimand is the average
of the post-treatment causal effects, 7. See Section D for details on the data-generating process.
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Conditional on passing pre-test?
No Yes
Scaling factor for stochastic variance

Co.5 Co.8 Co5 Cos
Bailey and Goodman-Bacon (2015)  0.17  0.34  0.14  0.30
Bosch and Campos-Vazquez (2014)  0.19  0.38  0.17  0.35

Deryugina (2017) 019 038 013  0.29
Deschenes et al. (2017) 0.17 035 011 0.22
Fitzpatrick and Lovenheim (2014) 023 045 022 044
Gallagher (2014) 0.14 0.30 0.08 0.19
He and Wang (2017) 026 048 0.23 045
Kuziemko et al. (2018) 029 055 021 045
Lafortune et al. (2017) 0.19 0.38 0.18 0.37
Markevich and Zhuravskaya (2018) 022 044 017 0.36
Tewari (2014) 0.10 0.22 0.08 0.19
Ujhelyi (2014) 022 043 017  0.35

Table 6: Null Rejection Probabilities for Nominal 5% Test of First Period Treatment Effect
Under Stochastic Trends Against Which We Have 50 or 80% Power

Note: This table shows null rejection probabilities for nominal 5% significant level tests using data-generating
processes under which there are stochastic violations of parallel trends that conventional pre-tests would
detect 50 or 80% of the time (co5 and cgg). The first two columns show unconditional null rejection
probabilities, whereas the latter two columns condition on passing the pre-test. The estimand is the causal
effect for the first period after treatment, ;. See Section D for details on the data-generating process.

78



E Additional tables and figures

Figure D1: Comparing size in published studies when requiring an insignificant pre-trend
versus publishing everything

¥=1, Bayes Factor =1.14 y=3, Bayes Factor =6.37
0.25- 1.00 -
0.20- — Insignificant Pre-trend — Insignificant Pre-trend
x ' — Accept Everything x 0.75- — Accept Everything
o o
= =
B 0.15- 3
< <
o ]
e} 5 0.50-
g a
= 0.10- =
[0] 0]
N N
2 ® 0.25-
0.05-
0.00- 0.00-
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Latent Fraction of Biased Studies (0) Latent Fraction of Biased Studies (0)

Note: Each figure shows the size (null rejection probability) in published work in the setting described
in Section 2.3 as a function of the fraction of latent studies in which parallel trends is violated (6). The
Insignificant Pre-trend regime only publishes studies in which 8—1 is statistically insignificant. The two
panels show results for different values of the slope of the differential trend () when parallel trends fails.
See Section 2.3 for further detail.

79



selg |euonipuo) —=—
selg |[euoiipuooun —v—

1D ' djewlsy ——

‘1 ‘ueSoq juatjear) I9jje sporrad [[e Ul S109]jo JUaUI)esI) o1} JO dSeIoAr 1) SI PUBTIIISS ST,
-aA19150d ST 9)RUITSS 109]j0 JUeWI)RAI} GTT() ) OS PUR 109]Jo JUAUIIRII) POJRIUIISS d1) JO IOLI® PIRPUR)S o) AQ POZI[RULIOU oI senfea [[Y 'S[D) %G6 pue
seyewInyse GO [eurstio o) jo[d [ ‘onjq U] ‘PuLI} B YONS WOIJ SBIQ [RUOIPUOIUN 9} Usa1d ul j01d [ ‘udIsep yoIeasal oY) Surldslor j0u Uo [RUOIIIPUOD
PUSI) ® UONS WOIJ J[NSOI PNOM Jey) SBIq oY) pol Ul j0[d [ ‘ToAd] %G 9] e JuedyIusis A[[OI)SIIRIS SeM SIUSIOJo0d Apnjs-juosd porred-oid oty jo Aue
IoAQUOYM USISOp [OIeasal oy} pajoalal am Jr juediad (¢ jo A3iqeqoid worjoafol & oaeY PInom am [OIYM jsureSe pual} IeSUIl[ 9} 9)e[no[ed | :9I0N

(¥102) 1Aisuln

(¥L02) lema]

(8102) eARYSARINYZ PUB YDIASYIEN

(£102) ‘e Jo dunyoyeT

(7102) 48ybejes

(#102) wisyuano pue yoledzyi4

(2102) ‘|e 1o sauayosa(

|
|
|
|
(8102) "|e 1o oywaizny| |
|
|
|
|
(2102) euiBnfiaqg _

(71L02) zenbzep-sodwe) pue yosog _

|
|
|
|
|
| (2102) Buepp pue ey
|
|
|
|
|
|

(g10Z) uooeg-uewpoox) pue As|ieg _

9

v

pual]| WoJj selg /108y Juswjeal |

[ 0

1 1
ny

By

my

By

<

390 Iuowyead], @&@.H®>< — JoMOd JUadI9d ()G 9ARH 9A\ UOSIYAA JIOJ SPUaI], JeaUul WOJJ SBIE pur SsajewWilsy ST0O ¢ @MSMWM

80



‘1L ‘ueSaq yuewrjyeal) Iojye poriad ISIY oY) UI 109]jo JUSUIYRSI) 91} SI PUBTI)SS YT,
-aA19150d ST 9)RUITSS 109]j0 JUeWI)RAI} GTT() ) OS PUR 109]Jo JUAUIIRII) POJRIUIISS d1) JO IOLI® PIRPUR)S o) AQ POZI[RULIOU oI senfea [[Y 'S[D) %G6 pue
seyewInyse GO [eurstio o) jo[d [ ‘onjq U] ‘PuLI} B YONS WOIJ SBIQ [RUOIPUOIUN 9} Usa1d ul j01d [ ‘udIsep yoIeasal oY) Surldslor j0u Uo [RUOIIIPUOD
PUSI) ® UONS WOIJ J[NSOI PNOM Jey) SBIq oY) pol Ul j0[d [ ‘ToAd] %G 9] e JuedyIusis A[[OI)SIIRIS SeM SIUSIOJo0d Apnjs-juosd porred-oid oty jo Aue
IoAQUOYM USISOp [OIeasal oy} Pajoalal am Jr jusdiad (g jo A3iqeqoid Uorjoalol & oaeY PInom am [OIYM jsureSe pual} IeSUI[ 9} 9)e[noed | :9I0N

pual]| WoJj selg /108y Juswjeal |
0ol L 0§ 4 00

(¥102) 1Aisuln

(¥L02) lema]

(8102) eARYSARINYZ PUB YDIASYIEN

(£102) ‘e Jo dunyoyeT

(8102) "Ie 18 oxwaizNy]

selg |euonipuo) —=—

(2102) Buepp pue sy

selg [eUOIPUOSUN —v—

1D ' djewlsy ——

(10Z) wisyuanoT pue soljedzyi4

(2102) ‘|e 1o sauayosa(

(2102) euibniieg

| '

(71L02) zenbzep-sodwe) pue yosog _ _

9«
]

|
|
|
|
|
|
| (#1.02) 10ubelED
|
|
|
|
|

(gL02) uooeg-uewpoos) pue Asjieqg _ : |

| |
1<

100 H juswijeal], pOLdd ISIT — ToMOd JU9II9d ()8 9ARH OA\ UOITYAA IO SPULI], ITedul] O] seld pur sojewlisy STO £d @MSWWM

81



‘1L ‘ueSaq yuewrjyeal) Iojye poriad ISIY oY) UI 109]jo JUSUIYRSI) 91} SI PUBTI)SS YT,
-aA19150d ST 9)RUITSS 109]j0 JUeWI)RAI} GTT() ) OS PUR 109]Jo JUAUIIRII) POJRIUIISS d1) JO IOLI® PIRPUR)S o) AQ POZI[RULIOU oI senfea [[Y 'S[D) %G6 pue
seyewInyse GO [eurstio o) jo[d [ ‘onjq U] ‘PuLI} B YONS WOIJ SBIQ [RUOIPUOIUN 9} Usa1d ul j01d [ ‘udIsep yoIeasal oY) Surldslor j0u Uo [RUOIIIPUOD
PUSI) ® UONS WOIJ J[NSOI PNOM Jey) SBIq oY) pol Ul j0[d [ ‘ToAd] %G 9] e JuedyIusis A[[OI)SIIRIS SeM SIUSIOJo0d Apnjs-juosd porred-oid oty jo Aue
IoAQUOYM USISOp [OIeasal oy} pajoalal am Jr juediad (¢ jo A3iqeqoid worjoafol & oaeY PInom am [OIYM jsureSe pual} IeSUIl[ 9} 9)e[no[ed | :9I0N

pual]| WoJj selg /108y Juswjeal |

00l G. 0§ 4 00
| (v102) AiBuln B _ - i i
| (#102) Hemal | : my “
_ (8L02) eAeysaeinyz pue yoinayiep _ “ . -“4
| (£102) "[e 18 sunpose] | “ . -
Se1q [EUONIDUOD —s | (8102) '[2 10 O3uweizNy) | “ > “
selg [eUONIPUODUN - | (£102) Buem pue o4 | “ &Y “
109 ejewysy —— | (v102) Jaubele H . : ot
| (7102) wisyuenoT pue youedzy4 | | P M
| (2102) "[e 1 seuayoseQ | " " “ nv
| (2102) eubnhiag | “ v
_ (1.02) zenbzep-sodwe) pue yosog _ : i :
_ (5102) uooeg-uewpoOL) pue Asjieg _ _ " nd

100 H juswijeal], pOoLdd ISIT — ToMOd JU9II9d ()G 9ARH OA\ UOITYAA IO SPULI], ITedul] O] seld pur sojewlysy STO Fd @MSMWM

82



Conditional on passing pre-test?
No Yes
Slope of differential trend:
705 70.8 705 0.8
Bailey and Goodman-Bacon (2015)  0.06  0.09  0.07  0.13
Bosch and Campos-Vazquez (2014) 012 022 008 0.11

Deryugina (2017) 0.07 0.09 009 0.21
Deschenes et al. (2017) 0.06 006 0.05 0.08
Fitzpatrick and Lovenheim (2014) 010 018 0.13 0.26
Gallagher (2014) 0.05 0.06 0.04 0.05
He and Wang (2017) 0.15 029 021 047
Kuziemko et al. (2018) 0.13 022 0.07 0.11
Lafortune et al. (2017) 0.19 041 017 0.34
Markevich and Zhuravskaya (2018) 011 019 017 042
Tewari (2014) 0.06 007 006 0.1
Ujhelyi (2014) 0.09 0.15 0.12 0.28

Table D1: Null Rejection Probabilities for Nominal 5% Test of First Period Treatment Effect
Under Linear Trends Against Which We Have 50 or 80% Power

Note: This table shows null rejection probabilities for nominal 5% significant level tests using data-generating
processes under which there are linear violations of parallel trends that conventional pre-tests would detect
50 or 80% of the time (795 and vp.g). The first two columns show unconditional null rejection probabilities,
whereas the latter two columns condition on passing the pre-test. The estimand is the treatment effect in
the first period after treatment, 7.
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